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Abstract 

The  primary  objective  of  this  report  is  to  obtain  an  exact  solution 
of  the  following  potential  problem:     Find  an  axially  symraetric  solution  of  the 
potential  equation  having  a  vanishing  normal  derivative  on  the  surface  of  a 
semi- infinite  conical  pipe  with  a  circular  aperture,   and  having  a  prescribed 
behavior  at  infinity.     The  solution  may  immediately  be  inteirpreted  as  the  velo- 
city potential  of  a  steady-state  irrotational  flow  of  a  non-viscous,  incom- 
pressible fluid  through  a  rigid  conical  pipe  with  a  circular  aperture.     Using 
this  interpretation,  the  solution  is  employed  to  derive,  for  suitable  excitation, 
an  approximate  expression  for  the  far  field     of  the  corresponding  boundary-value 
problem  involving  the  diffraction  of  sound. 

The  method  is  to  construct  integral  representations  of  the  solution 
using  a  variant  of  the  Wiener-Hopf  procedure.     These  representations  lead  to 
eigenfunction  expansions  of  the  potential  from  vrtiich  exact  expressions  for 
the  hydrodynand-cal  conductivity  of  the  opening  are  obtained.     The  behavior  of 
the  velocity  of  the  fluid  near  the  circular  edge  of  the  conical  pipe  is  deter- 
mined and  is  employed  to  prove  the  uniqueness  of  the  solution.     Using  the 
Rayleigh  static  method,  vrtiich  requires  the  knowledge  of  the  conductivity  of 
the  opening,  we  obtadn  the  approximate  far  field   'outside'   the  pipe  resulting 
from  excitation   'inside'  the  pipe. 
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1,        Intrcdij.cticn 

The  prir.ar.-  objective  cf  this  reccrt  is  tc  obtain  ar.  exact  scluticn  of 
the  fcllcwlng  potential  prcblec:     Fir.d  ar.  axiaHy  svrjTetric   scluticn  cf  the  poten- 
tial equation  having  a  vanishiing  ccrstal  deriva-ire   cr.  the   r.rface  cf  a  s-.-i-ir  :ir-i-.5 
conical  pipe  with  a  circ-ular  ape rt .ire,   and  havir.g  a  prescribed  ieh.a-.i.cr  at  ir-firjLtyt 
The  solution  may  isriediately  be  interpreted  as  the  velocitv  potential  cf  a  steady- 
state  irrctaticnal  flew  cf  a  ncn-visccLLS,   ir ',:r'resEible  fl-i:   -.'_r:_gh  a  rigid 
conical  pipe  with  a  circular  apert-ir*  .     '.'eir.g  this  ir.tsrpretati:.-.,   '.'r~    5:__ti:r.  is 
errplcyed  to  derive,   for  s-^table  excitatirr,    an  arpr:xi- -    e   eraressicn  for  the  far 
fields  of  the  ccrT5sr:r.tir.5   : : •_'. r ary- val'j^  prtcle-   ir.v:_-  ir.r  tr.-  diffraction  cf 
sctind, 

Th«e  rethcd  is  to  construct  iritegral  representations  of  the   scLition 
using  a  variarit  cf  the  Wiener-Hcpf  proce±_re.     These  representatic:  s  ^^ac  tc 
eigerifimcticn  expansions  cf  the  potential  frcr  vhicr.  exact  expressicns   fcr  tr.e 
iqrdrodynarAcal  conductivity  of  the  tt«cing  are  obtained.     The  hehavizr  cf  the 
velocity  cf  the   fluii  r.ear  th^   circJ-ar  edge    ::    *.'.e    ::r.ical  pipe  in   Irtantined 

and  is  e:^lc;'ed  to  prove  the  urJ.r_6r.e5s  cf  tr.e   scluticn.     7cr  t-te   ccrresprr.c±r.g 
radiation  prcbleE  tlte  apprcxiEate  far  field  is  obtained  dj  assu::±ng  the  wsvelergth 
cf  the  sound  waves  tc    c-e  lar^e   corrared  tc  the   ar«ert_re    ci-er_5i:r;    ar.d  trjsr.  _=irg 
certain  prcperties  cf  the  scluticn  cf  the  pcte.-.tial  prc'cie.--.     Zr.  t.tls   ocir.ecticm 
two  well-kr.cwn  prccedures  zay  "ce   enplcyed,     3cth  are  based  en  the  fac*.   that   ir.  the 
large  wavelength  ±ir.it  z'rB   solution  cf  t.ts  tL-e-recucec  wave  e:. iMir.  is  =ccr:xi--=*-r 
at  least  in  thfe  neighbcrhood  cf  the  ap-ert-ure,   by  the   static  scluticn,    and  en  the 
fact  that  the  far  field  r.ay  be  cbtained  frcr  the  aperture  fieic,     Zre    static   sclu- 
ticn is  the  scluticn  cf  th^  abcTe-zenticnel  cr-er:  iau  prcbler..     The  first  ■ethod 
is  trie   sc-callsd  static  ret.^cd  cf  ?.a:-"leign -^"-    ar.z  tne  seccnd  is  the  nore  powerful 
variational  proce±-re  cf  cchwinger  and  Levine '-^°'-' ,     Tn  the  firsx  sKthod  it  is 
necessarj'  to  know  cnly  a  gross  characteristic  of  thre    static   ap-erture  fields   r.ar.ely 
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the  conductivity  of  the  opening.     The   second  method,  on  the  other  hand,   requires 
a  detailed  knowledge  of  the  low-frequency  aperture  field,  for  which  the   static 
field  in  the   aperture  is  useful  as  a  first  approximation.     Since  exploit  expressions 
for  the  conductivity  of  the  opening  and  for  the  aperture   field  are  obtained  from 
our  solution  of  the   steady-flow  potential  problem,  both  procedures  may  be  success- 
fully employed.     In  this  report,   however,  primarily  for  the   sake  of  brevity,  we 
obtain  the  approximate  far  fields  by  means  of  Rayleigh' s  procedure. 

The   solutions  of  many  potential  problems  in  two  dimensions  are  available 
in  virture  of  the  applicability  of  conformal  mapping  methods  of  function  theory. 
In  three  dimensions,  however,  the  number  of  known  exact  solutions  is  small.     In 
particular,  the  solutions  of  the  most  general  aperture  problems  found  in  the  liter- 
ature were  already  employed  by  Rayleigh'--'  when  he  introdiced  his  static  method. 


>x 


Figure  1 
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These  are  solutions  of  problems  involving  potential  flow  through  circular  or 
more  generally  elliptical  apertures  in  rigid  plane  screens.  In  an  electrostatic 
context,  the  potential  arising  from  the  natural  charge  distribution  of  a  finite 
conical  cup  has  been  obtained  previously  by  one  of  the  present  authors'-  -•} 
similar  methods  are  employed  in  the  present  work.  It  should  be  mentioned,  in 
addition,  that  Schwinger  and  Levine  have  given  an  exact  solution  for  the  problem 

rua] 

of  radiation  of  sound  from  an  unflanged  circular  pipe  ■-  -"  • 

We  summarize  briefly  the  ensuing  argument*  Section  2  will  be  devoted 
to  a  detailed  statoaent  of  the  problem.  In  Section  3  we  discuss  some  properties 
of  the  Legendre  function  and  certain  related  functions  by  way  of  preparation  for 
the  considerations  of  Section  U  where  we  give  the  details  of  the  constriction  and 
discuss  the  analytical  properties  of  the  various  integral  representations  of  the 
solution.  Section  5  is  devoted  to  giving  the  eigenfunction  representations  of 
the  solution  and  also  to  obtaining  an  expression  for  the  conductivity  of  the 
opening.  In  Section  6  we  give  explicit  formulas  for  the  behavior  of  the  velocity 
of  the  fluid  near  the  circular  edge  and  in  Section  7  we  make  use  of  this  behavior 
in  proving  the  xmiqueness  of  the  solution.  Section  8  is  devoted  to  an  application 
of  the  Rayleigh  static  method;  we  obtain  the  approximate  far  field  'outside'  the 
cone  that  results  from  a  given  exciting  field  'inside'  the  cone.  Appendices  I  - 
IV  are  added  to  dispose  of  certain  details  arising  from  the  considerations  of 
Sections  3>  U,  5  and  6. 

2,   Detailed  Statement  of  the  Problem 

To  fix  the  geonetiry  of  the  problem  consider  a  conical  surface  with 
apex  at  the  oirigin  and  with  its  axis  of  symmetry  lying  on  the  positive  X-axis, 
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I«t  ©     be  the  angle  from  the  axis  of  the  cone  to    a  generator   [see  Fig,  1 J , 
The  conical  pipe  is  that  part  of  this  surface  defined  by  the  relations  r  >  b, 
©  =  6    where  r  is  this  distance  from  the  origin  and  &  is  meas'ared  from  the 
positive  X-axis.     When  6     «  n/2  the  conical  pipe  reduces  to  a  plane  vd.th  a 
circular  aperture.     If  we  assume   that  the  spherical  coordinates  (r,  ©,  ^)    are 
related  to  the  cartesian  coordinates  (x,y,2)  by  the  equations 

X  ■  r  cos  © 
(2,Q)  y  =  r  sin  ©  cos  (^ 

z  »  r  sin  ©  sin  ^1,  0  <  ©  <  n,       0  <  ^f  <  2n, 

then  tt«  conical  pipe,  C,  is  deterroined  by  the  following  relationst 

r  >  b, 

X  =  r  cos  © 
o 

(2.2)  y  =  r  sin  ©     cos  g 

z  »  r  sin  ©     sin  0. 
o  ^ 

The  angle  ©     Is  assumed  to  be  greater  than  0  and  less  than  n. 

Our  problem  is  to  determine  the  velocity  potential  for  the  axially  sym- 
metric,  steady-state,  irrotational  flow  of  an  incompressible,  non-viscous 
fluid  through  the  aperture  of  the  cone.     More  explicitly  we  seek  a  solution 
U  of  the  9-iridependent  Laplace's  equation 

/5  ,x  13    [2  au(r,©)l  ^     1 a    L_  Q  au(r,©r[    .  q 

which  satisfies  the  following  conditions: 

(a)     U(r,©)  is  continuous  for  all  r  and  ©,  0<r<oo,  0<e<n  except 

across  the  conical  pipe,  C. 

^    •   ^    (b)     ^"^>^^   and  ^  ^^^.t^^  are  continuous  for  all  r  and  ©,  0  <  r  <oo, 

3U  ( r  © ) 
0  <  ©  <  Ti  except  at  the  circular  edge .     — ^  '  -   is  continuous  for 

all  r  and  ©  except  near  the  circular  edge  and  across  the  cone. 
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(c)  §  -  0  on  C. 

(d)  U^"''^  -  U^"*"^  +  1 •  =■  as  T  -^00  for  ©  in  the  range 

°     Uti  sin  (©p/2)    ^ 

0  <  ©  <  ©  ,  where  U^  ^  and  f  are  constant, 
—   —  o        o 

If  the  density  of  the  fluid  is  assumed  to  be  unity  it  is  easy  to  verify 

that  f  is  the  total  incoming  fl\ix  at  infinity  in  the  region  0  <  ©  <  S^.  This 

assertion  may  be  demonstrated  by  evaluating  the  following  integral: 

©   2n 

2  .  „  .^  .„  « 


(2.5)        y  U^d(r-  J    J      1^  r^  sin  ©  d©  d^. 


S©         -   - 
o 

Here  3^     is  a  spherical  cap  determined  by  the  cone  C  and  a  large  sphere  S 

o 

centered  at  the  origin,     U    is  the  radial  component  of  the  velocity,  and  d  cs"  • 

r^  sin  ©  (»  d?  is  the  differential  area  expressed  in  spherical  polar  coordinates. 

We  prefer  to  leave  open  the  specification  of  ohe  behavior  of  U  and  VU 
near  the  circular  edge  of  the  cone.     It  suffices  to  say  here  that  the  solu- 
tion we  obtain  will  be  such  that,  in  any  axial  cross-section,  U  is  bounded 

and   |VU|   «  0(5         ), where  5  is  the  distance  from  the  edge. 
3.       Some  Preliminary  Results 

This  section  consists  of  a  summary  and  discussion  of  results  of  varied 
character.     The  unifying  feature  of  these  results  is  their  usefulness  in 
Section  U,  where  we  give  the  details  of  the  construction  of  the  integral  re- 
presentations of  our  solution,  and  also  in  subsequent  sections  where  we  in- 
•vestigate  the  nature  of  the  solution.     As  we  shall  see,  our  integral  repre- 
sentations will  involve  the  Legendre  functions  P/p.,  n  wp(±  cos©)  and  their 
©-derivatives  regarded  as  functions  of  the  real  variable  ©,  0  <  ft  <  n,  and 

the  complex  subscript  v.     In  the  present  section,   sufter  discussing  some 

—  _      ______________ 

Throughout  this  paper it  is  assumed  that  the  velocity  of  the  fluid  is  given 
by  VU,     It  should  be  noted  that  some  authors    (cf.  Lamb  I- -'J  employ  7(-U)  for 
this  quantity. 
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analytical  properties  of  these  functions  and  summarizing  pertinent  formulas, 
•we  obtain  infinite  product  representations  at  dP/py   i  wo(*  cos©)/d6,   for 
fixed  ft  and  variable  v.     These  infinite  product  representations  are  then  em- 
ployed in  the  construction  of  the  meromorphic    functions  K  (v,0  )   and  K~(v,ft  ) 
[see  Eqs.   (3.21)   and  (3.22f]  which  also  appear  in  our  integral  representations, 
Some  analytical  properties  of  K,  (v,©   ),  regarded  as  functions  of  v^  are  also 
noted. 

The  basic  functions  in  our  integral  representations  are  product  solu- 
tions of  Eq.   (2.3)  which  are  obtained  by  the  usual  separation  of  variables 
procedure.     If  we  write  U(r,ft)  ■  K(r)T(6)  we  have,   after  substituting  for 
lj(r,©)   in  Eq,  (2.3)  and  setting  the  separation  constant  equal  to  (Uv  -1)/U, 


fr>  -i\  d       I   2  dRl 


Uv^-1 


a?    I.    dr^  -^^-° 

(3.2)  -J5     ^   b^ift^J   ^-jp-T-O, 

where  v  is,  in  general,  complex.     The  integral  representations  will  be  formed 
in  terms  of  the  following  products  of  the  solutions  of  Eqs.  (3.1)  and  (3.2); 


0  <  ©  <  ft 
—      —     o 


w(r,ft)   -  r-^^'"'^^/2p(2v.i)/2(°°^»)' 
(3.3) 

v(r,e)  -  r-(^'^^^/2p(2^_^j/2(-cosft),  ^o  ^^  ®  -  "* 

The  Legendre  function  of  the  first  kind,  ^(Ov-i)/?^^^*  ^^  ^^  °^'^^  solution 
of  Eq.   (3.2)  >diich  is  regular  at  x  »  1  for  arbitrary  complex  values  of  v,  and 
is  employed  with  a  view  to  satisfying  the  regularity  conditions  listed  in 

(2,Ua)   and  (2.Ub),     ^(2V'l)/2^^°^^   ^^  ^(2v-i)/2("^°^^»   appearing  in  Eq. 
(3,3)  are  integral  functions  of  v  for  ft  in  0  <  ft  <  n  and  0  in  0  <  ft  <  n  res- 
pectively.    The  Wronskian 
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^(-'^)  --  ^2v.l)/2(-*>  -^-^^^^^^^^^ P(2v-l)/2(-^^  -^^^^-^5^^ 

of  P(2v-l)/2^"*^°®®^  ^"^  ^(2v-l)/2^°°^^   ^®  easily  seen  to  be      (cf.    [2]p.  63J 

0  1  \  Ti/      ^N        2  cos  TtV 

^'  ^    *  n  sin  6 

We  turn  now  to  the  problem  of  obtaining  an  infinite  product  representa- 
tion of  the  ©-derivative  of  the  Legendre  function  regarded  as  a  function  of 
V  for  fixed  ©  (»  9   ;,     To  this  end  >re  investigate  the  zeros  of  P(2v-l)/2  ^°^*o^ 
^^  P(2v-i)/2^"*^°^^o^>''^®''® 


t 


(^•5^  ^(2v-l)/2(*°°^®o^   -^1^  ^ 

o 


"^(2v-l)/2^^^°^^ 
d& 


0  <  0.  <  n 


(the  prime  will  henceforth  be  reserved  for  differentiation  with  respect  to  6), 
Now  from  [2]jP.  63, we  have 

(3-6)     P;2v.l)/2(^°^o>  "  '   C^)  C^  )  P(2v-l)/2(^°^o^' 

where  P^(cos©  )  is  the  associated  Legendre  function  of  the  v-th  degree  and 
H-th  order.  Furthermore,  from  [2],  p.  70,  Section  h,  it  is  known  that 
pTi;  ,x<p(±co8©  )  is  an  integral  function  of  v  and,  in  addition,  has  infinitely 
many  zeros  all  of  which  are  real  and  simple.  Thus,  employing  the  relation 

(3-'7)         P(-2v-l)/2(°°^^  =  ^2v-i;/2(°°^) 

[cf.  [2]  p.  62)  and  taking  0  as  fixed,  0  <  0  <  n,  we  conclude  from  Eq.  (3.6): 
a)  that  P/^  \)/2^^°^^  ^^  ^^  integral  function  of  vj  h)  that  P(2v-l)/2^'^°^^ 
is  an  even  function  of  v,  i.e.,  that 

(3-«^  P(2v-l)/2(°°«^^   -  P(-2v.l)/2^'^°^^5 
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and  c)  that  P/„  ,  .  .p(cos9)  ■  0  has  infinitely  many  roots  all  of  which  are 


n 


real  and  simple.     In  particular,  when  ©  "  o 
(3.9)  p7p,.-,wo(0) 


.-1  ...  n^/' 


[cf.    [2]  p.  63].     From  Eq.   (3.6)  it  then  follows  that 

n  ln^         p'  (0^-"^''^     (2v^l}/2   «   (2v-l)/2  _  2  y^ 

The  p-th  positive  zero,  v  (C),  of  P,   iwo^^^  ^^   clearly 
(3.11)        Vp  -  2(p  -^),         p  =  1,  2,  .••  . 

For  more  general  angles  6  ,  the  following  is  known  about  the  asymptotic 


t 


behavior  of  the  zeros  of  P/_        .  .Acos)^   ) .     Let  c  be  any  arbitrarily  small 
positive  niomber.     Then  for  ©     in  the  range  0  <  e  <  ©     <  n-e  it  can  be  shown 
m],  pp  .U0U-U06J   that  the  p-th  positive   zero  of  P(2v-l)/2('^*^^o^   ^^  °"^  ^^® 
form 

(3.12)  Vp(©^)^J-   [Fnp(e^)-^]   >^,  p-oo, 

where  n  (&  j  is  an  integer  and  C(©  )  is  bounded  and  independent  of  p.  Since 
it  can  be  assumed  that  v  (©  ;  is  continuous  in  ©  >  0  <  e,  <  ©  <  n-e  and 
since  v  (n/2)  -  2(p  -  ^)  [cf.  Eq.  (3.111]  it  follows  that  the  p-th  positive 
zero  is  given  by 

(3.12a)      Vp(©^)  ^  ^  (p  -  ^;  +  — -^  p  ->oo. 

Now,  in  virture  of  the  fact  that  ^(n^_\)/2^'^^^n^   i^  ^  even  function 
of  V  [see  Eq.  (3.7)3  and  that  the  exponential  order  of  P(2v-l)/2^'^°^o^  is  unity* 

"*  See  footnote  in  Appendix  II  page  58, 


-  9  - 


we  may  invoke  the  Hadaraard  factorization  theorem  (  [5J   pp.  250-251) 
and  write 

(3.13;  ^(2v-i)/2^°°^o^  '  p^Ccosd^;  Tnv,©^;  Tr(-v,©o), 

where 

(3.IU)  Tr(v,©,)  -  ff    ]   Q-  >  7-^)  exp(-  ^;^) 

p=i    I  p'   o'  p'   o' 

Note  that  for  any  9,0<©     <nwe  have 
^      o  o 

(3.1bJ  Vj_(©^)  -  -  I  , 

(cf,  Eq.   (3.6)3 •     Similarly  we  may  write  for  P(2v-i)/2^'°°^®o^ 

(3.16)  Pj2v-i)/2(^°^/o^  "  V°°^  ^°^  '^^'''  ^°^  ''''^"'*  ^°^ 

"2 
where  we  have  set 

(3.17)  ^^  -  n  -  e^   . 

As  we  have  mentioned  in  Section  1,  our  solution  will  be  constructed  by 
a  variant  of  the  well -Known  Wiener-Hopf  procedure,  A  fundamental  step  in 
this  procedure  is  factorization  of  a  given  analytic  function  into  the  pro- 
duct of  two  functions  each  of  which  is  regular,  zeroless,  and  of  algebraic 
growth  in  appropriate  half-planes  which  overlap  in  a  suitable  manner.  In 
the  present  case  this  function  turns  out  to  be 

^r2v-lW2^*=°^o^^(2v-l)/2^"'^°^®o^ 
(3.1B)        K(v,©  )-  ^^^^V^ °  (2v-l)/2 o_  ^ 

W(v,©^) 

which,  when  we  use  Eq,  (3.U),  becomes 

sin©     I       I      »  » 

(3.19)   K(v,©^)-  -^  r(2  *  V)  r(^  -  v)P(2v.i)/2(-«°*o^P(2v-l)/2^°°^o^* 


-lo- 
in virtue  of  the  identity  n/cos  nv  =  P (^  -  v) P  (^  +  v) .  By  way  of  prepara- 
tion for  the  considerations  of  Section  U  we  shall  prove  here  that  k(v,&  ) 
can  be  written  as 

(3.20)        K(v,6^)  -  k'*'(v,©^)k"(v,©^), 

where 

(a)     K  (v,©  )  is  regular  and  zeroless  in  the  half-plane  Hev  >  -  -  j 

(a')   K~(v,©   )  is  regular  and  zeroless  in  the  half-plane  Hev  <  o   J 
(3.?.!) 


(b)     Ji*(v,6   )^l£*(©   ,  ]C  )v~'   as    |v  +  -|  -*>oo  in  the  angular  region 


|arg(v  +  -)|  <  n; 
(b')   K~(v,©   )'vk"(©^,^    )(-v)   '      as    |v  -  ^|   ->oo  in  the  angular  re- 
gion 0  <  arg(-v  +  i)  <  2n  vriiere  k"(©^,  ]C^)  =  ^^^(©qJ  /•q)   and 

^     «  ji  -  ©  } 
'0  o' 

and  wheri,   in  addition, 

(3.21)  (c)     K"(v,©^)  -  ^■'(-v,©^). 

The   qusintity  k  (©  ,  /^   )   is  independent  of  vj   an  explicit  expression  for  it 
will  be   given  below.     We  turn  now  to  the  construction  of  K   (v,©    )  and 


K."(v,©   ),     Let  us  define  K  (v,©   )   as  follows: 


(3.22)         K*(v,©^)- 


2  2 


2       ■  tv 


sin©        ,  ,  n^ 

-^  p_^(cos©^)p^(cos  ■^^)  r(^  +v)Tr(v,©^)Tr(v,  ii^)s 


where  t  is  a  constant  to  be  determined  later.  It  is  clear  that  K  (v,&  )  satis- 
fies condition  (3.21a).  Furthermore  if  K"(v,©  )  is  defined  as  K  (-v,©^)  then 
it  is  easily  verified  that  Eq,  (3.20)  is  satisfied.  If  now  the  parameter  t 
can  be  chosen  in  such  a  manner  that  condition  (3.21b)  is  satisfied  for 
K"*"(v,6  )  then  condition  (3.21b')  is  automatically  satisfied  by  k'(v,©q). 
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We  consider  now  the  determination  of  the  constant  t.     To  this  end  it 
is  necessary  to  know  the  asymptotic  behavior  of  jr(v,©  )   and  "ITCv,  Tf^  )   in  the 
angular  region   |arg(v  +  p^  I  -  "     •     ^^  ^^^  ^®  shown  (Appendix  I)  that 


(3.23)    Tr(v,e^)A; 


L(©^)exp 


where 


r(7r  V  ^  J) 


Y(z)  -  r'(z)/  r(z). 


V 


—  M(©   )   +  T( 
n       ^   o  ^ 


ii 


|arg(v  +  p)|  <  n. 


(3.2I4) 


L(©^) 


00 

TT 
p=i 


(p-|) 

-^  V   (©   ) 

Tl         P^    O"^ 


«(V   "f     f-^  -  (e  /n)v  (©   )  ] 

p-i  Lp  -  r     '  o'  '  p'  o'  -I 


Note  that  when  0  »  »  we  have,  by  virtue  of  Eq,  (3,11), 


(3.23) 


L(  5  )  =  1, 


M(  5  )  =0. 


It  can  be  shown  (see  Appendix  I)  that,  for  this  case  (3.23)  is  an  equality. 
From  the  definition  of  JTCv,  /  )  and  Eq.  (3.23)  we  have 

(3.26)    TFCv,;^^)^  rU/^) L(/:^)exp  v[^M(/^)  .   Y(l/U)]l, 

for   |arg(v  +  p)  I  <  "•     The  a^mptotic  behavior  of  K'*"(v,©   )  in  this  region 

_] 


is  therefore 


i^''(v,»Q)'0 


/■ 


sine 


P^(cos©^)pj(cos/.^) 


n|_*jO£^(|) 

r(^v.i)r(^v.i) 


L(e^)L(/.^) 


U'  -J 


(3.27) 


expjvj^  ^(^-j£m(9^)^?^M(/^)+-^T(iA))J|,    [arg(v  ^  |)  |  <  «   . 


12  - 


Using  Stirling's  formula 
we  have 


r(- 


r -T ^ (e     X   )     V     exp<-v\ —  log  —  +  —  log  —- 


and  hence  we  obtain  in  the  region    |arg(v  +  p) |  <  « 

(3.28)  K^Cv,©^)   ^  K^e^  /.^)v  ^/^ 

(3.29)  k*(0^,7;)-^     sine^P^(cos©^)p;^(cos/^)(9^-/^)' 


r'(^)L(6,)L(7^^), 


where  v;e  h^ve  chosen  t  ■  ^(^^^^  '^'^  ^® 


(3.30)     t(9^) 


^M(Q^).^M(/^) 


©  +  / 


o       o 


©  6         /  /  ' 

■»r/l\  On  O  On  '° 

¥(— ) log log  


'U'      n         '^    n         n 


We  have  thus  determined  t  and  K  (©,>-) . 

o'  '  0 

When  ©=■;{=  n/2  K  (v,©  )  can  be  expressed  as  a  quotient  of  gamma 
functions.  The  proof  of  this  assertion  follows.  Note  that  when  ©  -  ^     ■  n/2 
we  have  by  virtue  of  Eq,  (3.25) 

(3.31)        t(n/2)  -  -(t(1/U)  +  log  2)  . 


Since,  as  already  mentioned,  (3 .23)  is  an  equality  for  ©  *  ^  ■  n/2 
we  conclude  that 


(3.32) 


'  ^U  ■"  2'' 
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It  follows  then  from  Eq,  (3.22)  that'^ 


(3.33)    K^v,i)  -  i  X 


P|(0)r^(J)r(i  +  v)exp[vO(J)  *  Y(i))] 


2^/V^(M) 


This  expression  for  K  (v,  •=•)  can  be  further  simplified.  Since 

(3.3U)        P,  (0)  .  -iH^-,-  , 
2       '  ^U^ 

[cf.  Eq.  (3.10)J  and  since 

(3.3^)        r(2z)  -  (2n)-l/22(^^-l^/2  p(^)p(^  ^  1)^ 

jcf,    [2]  p.  l],  in^jlies  that 

(3.36)  r(|  -  V)  -  (2tt)-^/2  2V   p  ^1  ^  v^p^i  ^  v^^ 

we  have,  on  writing  2  »  exp(vlog2)  and  employing  Eq.  (3.33), 

(3.37)  K-^(v,  I)   -  i  ^ 1-  . 

I  %  *  2^ 

Since  K~(v,  ^)  =  K  (-v,  ^)  we  have 

(3.38)  K-(v,  I)   =  i  ^ 1~    . 

'  S   2^ 


;^  ;  dP      (-00^)  ;;  ; 

Note  that  P^(-cosO^)  -  '^ "  "  J?  ^  1/2^'^°^ ''^  M      *  ^'^btq. 

-?  ®=»o     ^  "         '/-/o 

^Q  -  n  -  e^.  On  setting  ©^  »  /^  -  n/2,  the  first  factor  in  the  right  hand 

side  of  Eq.  (3.22)  becomes  2""^  i  p'(0)  where  i  -  yf-1     . 

"7 


.  llx  - 


'^(2v-±)/2 
(3.39) 


As  a  check  on  our  procedure  we  shall  obtain  K  (v,  •^)   and  K"(v,  -s)   more 
After  setting  9  »  ^  in  I 
(0)  from  Eq,  (3.10)  we  get 


directly.  After  setting  9^  =»  ^  in  Eq.  (3.22)  and  substituting  for 


r(|-  v)r(|- V) 

K(v,©  )  .  -2n  — 5-j -^  . 


Employing  Eq.  (3.36)  we  then  have 


(3.U0) 


K(v,Q^)  = 


V\  -1 


r  (^  -  -) 
r (i  -  -) 


The  first  factor  on  the  right-hand  side  of  Eq.   (3.'40)   is  clearly 

K'*"(v,  J),   and  the  second  K"(v,  |)    [cf.  Eqs.   (3.37),   (3.38)3. 

Note  that  K*(v,©   )   and  K"(v,&   )  are  purely  imaginary  when  &     ■  n/2  and 
V  is  real.     It  is  useful  to  observe  here  for  the  purposes  of  Sections  5,  6 

and  7  that  this  assertion  is  true  for  all  Q     in  the  range  0  <  0    <  n.     To 

o  o 

prove  this  statement  we  note  from  the  foim  of  K  (v,C  )  in  Eq.  (3.22)  that  it 


is  only  necessary  to  prove  that  rp,(cosO  )P,(cos^p) 
Now  from  [2]  p.  7U  we  have     t 


1/2 


is  purely  imaginary. 


(3.U1) 


2      0     2  2      0 
P^(cos9^)  =  1  +  i^  sin^  (^)+  V^  sin^  (~)  + 


It  is  now  easily  verified  that  P,(cos9  )  >  0,  0  <  0  <  n.  Finally  we  observe 

"2 
that  [cf.  Eq.  (3.5)3 

(3.U2)        Pi(cos/^)  -  ^  P^(cos  /„)  -  -  3I-  Pi(cos/^), 


since  x  ■  n  -  6  .  It  follows  immediately  that 
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r,  ,  /   il  rdP         (cos©  )     dP     /.(cos-/  )-|i 

K(cos.,)P,(cos  ^)J    -  .  i  [      -Z^        °  -1/2--  To    J? 

irtiere  the  term  in  braces  on  the  right-hand  side  is  positive.     It  is  a  matter 
of  indifference  which  sign  we  employ  in  the  right-hand  side  of  the  last 

equation.     In  the  remainder  of  the  report  we  shall  always  assujiie  that 

_,  1 

-,  ,  ,    -,7  fdP       ^(cos©   )     dP         (cos/ Jl? 

P,(cos©^)P_^(cos^)Y  -  .  i    [     -^/^^  'C/°        J      • 


(3,U3) 


Thus  K  (v,fi  )   and  K"(v,e  )   are  imaginary  quantities  when  0  <  ©     <  n  and  V 
is  real.     Indeed  we  can  further  specify  that  K  (v,©  )  is  positive  imaginary 
when  V  is  positive,  and  if"(v,0  )  is  positive  imaginary  when  v  is  negative 
[cf.  Eqs.   (3.22),   (3.1it)   and  (3.21c)3. 

ii.     Integral  Representations  of  the  Solution 

In  this  section  we  obtain  integral  representations  of  the  solution  of 
the  problem.     We  construct  these  integral  representations  on  the  basis  of 
a  formal  procedure  related  to  the  well-known  Wiener-Hopf  procedure.     We  then 
verify  that  the  representations  of  the  solution  and  its  vairious  derivatives 
are  convergent  and  that  they  indeed  provide  a  solution  of  the  problem.     In 
Section  7  conditions  are  given  which  insure  the  uniqueness  of  the  solution 
up  to  an  arbitrary  constant. 

For  convenience  we  shall  assume  that  the  distance  measured  along  a 
generator  from  the  origin  to  the  opening  of  the  cone  is  unity.     The  integral 
representations  for  the  case  vrtiere  this  distance  is  b  may  be  obtained  from 
the  preceding  case  by  replacing  r  by  r/b  in  the  integrand. 

Let  U(r,©)  be  a  solution  of  the  problem  and  write 
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U^^'Cr,©)   -  U(r,©),  r>0,     0  <  6  <  9^ 

(U.l) 

U^(r,©)  2  U(r,©),  r  >  0,     ©^  <  ©  <  «• 

The  fimction  U   (r,©)  thus  represents  the  solution  inside  the  cone  (i.e.,  vrtiere 
0  <  &  <  6   )  whereas  U   (r,©)  represents  the  solution  outside  the   cone   (i.e., 
where  &     <  6  <  n).     We  begin  by  assuming  that  ir(r,&)   and  U    (r,6)  have  inte- 
gral representations  of  the  following  form; 

(U.2)  U^(r,0)  -  ^      /   r^-'^''-^^^^?^^^_^^^^{cosQ)A{v)dv,     r  >  0,  0  <  ©  <  0^, 

P 

(U.2')  U^(r,©)  .  ^     y,  r^-^'''^^^^T^^^_^^^^(.oos»)Biv)<iv,   r  >  0,  ©^  <  ©  <  n. 

^P 

Note  that  the  expressions  for  u(r,©)  and  U  (r,©)  involve  the  functions 

w(r,©)  -  r^"^'''-^^/^P(2v.i)/2(«°=^>  ^^   ^^'^^^^  "  ''^'^''''^^^^'^{2v-L)/2^-''°^^ 
respectively.  It  will  be  recalled  that  these  functions,  which  were  discussed 

at  the  beginning  of  Section  3,  are  the  product  solutions  of  the  axiaily  sym- 
metric potentisd  equation  (2.3)  obtained  by  the  method  of  separation  of  vari- 
ables. The  former  is  regular  in  ©  when  ©  is  in  the  interval  0  <  ©  <  ©  ,  and 
the  latter  is  regular  in  ©  for  ©  in  the  interval  ©  5  ©  5  "•  The  functions 
a(v)  and  B(v)  are  analytic  functions  of  v  to  be  determined  from  the  condi- 
tions of  the  problem.  The  quantity  N  is  employed  for  purposes  of  normal- 
ization. It  will  be  determined  (see  Eq.  (S.IU/]  by  the  requirement  that  the 
flux  entering  the  conical  region  0  <  ©  <  ©  be  f  [cf.  Eqs.  (2.Ud)  and  (2.5)3. 
The  contour  C   [cf.  Fig.  T\   is  the  curve  traced  from  the  point  -(-s-  +  ioo)  to 
-  ^  +  ioo  along  the  line  Re  v  =  -1/2  except  near  the  point  v  =  -1/2  which  is 
circumvented  by  a  small  semicircle  traced  in  a  clockwise  fashion.  The  choice 
of  C  is  dictated  by  the  requirement  that  U  (r,©)  approach  a  constant  at  in- 
finity [cf.  Eq.  (2,Ud)J.  That  the  present  choice  of  c'  suffices  to  satisfy 
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this  requirement  will  become  apparent  later. 


c;    - 

kim  V 

V  —  plane 

( 

I 

H 

1 

Re 

\1 

0 

> 

Cp 

k 

Figure  2 


Our  object  now  is  to  determine  the  functions  A(v)  and  B(v)  from  the 
conditions  of  the  problem.  Let  us  assume,  subject  to  later  verification, 
that  the  integrals  of  Eqs.  (U.2)  and  (U.2')  are  convergent  and  that  it  is 

permissible  to  take  the  necessary  limits  and   derivatives  under  the  integral 

1         2 
signs.  It  follows  immediately  that  U  (r,©)  and  U  (r,©j  satisfy  the  potential 

equation  in  the  regions  0  <  6  <  ©  and  ©  <  ©  <  «  respectively.  Furthermore, 

if  U(r,©)  is  to  be  a  solution  of  the  problem  it  is  necessary  that 


u^(r,e)|^^^.u^(r,©)|^^ 


©    ' 

o 


(i;.3) 


dU-'-Cr,©) 


d© 


»K 


dU  (r,&) 
d© 


0  <  r  <  1, 


r  >  0, 


©1©^ 
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In  order  to  satisfy  these  conditions  let  us  first  write 


(li.ii) 


«(v)-%^g^n(v, 


where 


(U.5)  W(v.*^)  .  I>(2v-l)/2(-=»=«'o)^;2v-l)/2'«'^''o>-^(2v-l)/2(-=»o'^;jv-l)/2(— =»o' 

■I  2  COS  nv 

n  sin  0 
o 

is  the  Wronskian  of  P(2v-l)/2^~°°^o^  ^^^  ^(2v-l)/2^°°^^  evaluated  at  ft  =  ©^ 
[cf.  Eq,  (3.Uri.  Under  these  circumstances  E-ts.  (U.2)  and  (U.2')  become 

c 

P  r^  0,  0  <  e  <  © 

P  r>0,  0<e<n. 

It  is  now  easy  to  verify  that  the  second  of  the  conditions  (U.3)  is 
satisfied,   since  if  we  differentiate  with  respect  to  &  and  set  ft  »  0^,  the 
integrands  in  (U.6)  and  (U.6')  become  identical.     In  order  that  the   first  of 

*It  will  be  recalled  that  P(2v-l)/2^*^°'^o^  ^^  ^(2v-l)/2^''^°^^o^  ^^  ^^^'^  *° 
denote    {dT^^^_^^^{cosQT\/6»  and    \dF^^^_^^^^{-cos»^T\/dQ  evaluated  at  ft  -  6^. 
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the  conditions  (U.3)  be  satisfied  it  is  necessary  that 
(U.7)         0  "  /t  r^""^~^^/^  D(v)dv,       0  <  r  <  1. 

This  relation  is  obtained  by  subtracting  Eq,  (ii.6')  from  Eq.  ih»6)f   evaluating 

the  result  at  0  »  6  ,  and  employing  Eq,  (U.5). 

If  in  the  region  to  the  left  of  the  contour  C  we  assume  that 

P 

D(v)   aj   c|v  +  -^I'^j  p  >  0,  as    |v  +  ^1  ->  00,  c  being  a  constant  independent 
of  arg  V,  then  the  integral 


/r(-2^-^)/2^(v)dv-      /exp[-[(v.i 


i)log  r]  y  D(v)dv,     0  <  r  <  1 


may  be  evaluated  by  residues  in  the  left  half-plane.     If  in  addition  we 
assume  that  D(v)   is  regular  in  this  half-plane  then  the  result  after  eval- 
uating by  residues  is  zero.     To  indicate  the  regularity  of  D(v)  to  the 

left  of  the  contour  C     vre  shall  henceforth  write 

P 

(a.8)        D"(v)  -  D(v). 

In  order  to  satisfy  the  boundary  conditions  on  the  cone  jcf.  Eq.  (2»iiJ] 
it  is  clear  from  Eqs,  (U.6),  (U.6')  and  (U.8)  that  we  must  have  for  r  >  1 


(U.9)  0.^ 


.»!l    .   /  (-^v-X)/2  ■'(2v-l)/2'-°°^o'^(2v.l)/2'°°^^o'  r-(v,Mv. 


P 

Now  in  Section  3  we  proved  that 

could  be  expressed  as  the  product  K  (v,&  )K~(v,©  )  of  two  functions  K  (v,©^) 
and  K"(v,©  )  which  satisfy  the  equation 
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(U.ll)  K~(v,»^)   -  K^C-v,©^) 

and  enjoy  the  following  properties    [see  Eq,   (3.21)] 

(a)  K  (v,&  )  is  regxilar  and  zeroless  in  the  half  plane  Re  v  >  -1/2, 

(a')  K~(v,ft  )  is  regular  and  zeroless  in  the  half  plane  He  v  <  i/2, 

(a.32)  ^  +  V       1/2  1 

(b)  K  (v,©   )'vic  (©  ,  ^  )v  '     as    |v  +  ^|  ->oo  in  the  angular  regions 

|arg(v  +  ^)|  <f  , 

(b')  li"(v,»^)  a>k'^(©^,  /.^){-v)'^^     as    jv  +  i|  ->oo  in  the  angular 

region  n/2  <  arg(|  -v)  <  3n/2  where  k"(e^     ^)-  k*(6^,     ^)  and 
where      %     =  n  -  6   ♦ 

If  we  now  set 

(U.13)  D'(v) 


(v  +  |)K"(v,©^) 


then  D  (v)  is  clearly  regular  to  the  left  of  the   contour  C     (since  C     is 
indented  to  the  left)   and  vanishes  properly  as    |v|  ->oo  in  this  half-plane, 
Furthermore,   on  substituting  for  D~(v)   in  Eq,   (U.9)   and  employing  the  fact 
that  K(v,©   )   -  K"(v,ft  )K.*(v,©   )  we   get 


r  >  1, 


This  equation  holds  when  r  >  1  provided  that  a):  K  (v,e  )/(v  +  ^)  is  regular 
to  the  right  of  c',   and  b):  li*(v,ft^)/(v  +  i)  'vd|v|''^,   q  >  0,   as    |v  +  ||  ->  0 
in  the  angular  region    larg(v  +  o) I  <  p*     From  Eq,   (U.12b)  it  is  clear  that 
condition  b)  is  satisfied.     That  condition  a)   is  satisfied  follows  from  an 
inspection  of  the  explicit  form  of  K  (v,©   )  in  Eq,   (3.22).     Note  that  the 
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factors  TT("^*®  )  8*^cl  TTC'^j  Mj)  ®sch  have  simple  zeros  at  v  =  -i/2  (see  Eq, 
(3.19)21 .  One  of  these  is  cancelled  by  the  simple  pole  of  the  factor  P(v  +  i). 
Thus  K  (v,©  )  has  a  simple  zero  at  v  ■  -1/2,  Since  K  (v,&  )  is  regular  to 
the  right  of  C  it  follows  that  li.*(v,©  )/(v  ♦  ^)  is  regular  in  this  region 
too.  The  role  of  the  factor  (v  +  ^)"  in  the  expression  for  D~(v)  in  Eq,  (U.i3) 
is  clear;  it  enables  us  to  satisfy  condition  b)  above.  Moreover,  as  will  be 
seen  later,  its  presence  in  the  integral  representations  leads  automatically 
to  the  required  behavior  of  the  solution  at  infinity. 

If  we  substitute  for  D~(v)  in  Eqs.  (U.6)  and  (U.6')  we  get,  finally, 

(U,15)  U^(r,Q)=  N    /(.2V.1V2  K2v-l)/2(----^o)^(2v-l)/2(---^)  ,^^  ^  ,  ,^ 
^""^    '^'  (v  +  i)w(v,0^)li-(v,8^) 

P 

0  <  0  <  © 
—   —  o 

(,.,5.)  U^(r,0)-  N   A(-2v.l)/2  ^U-lV2(<-°-^o)^2v-l)/2(----^^  ,^^  ^  ^  ,^ 
"^"^  V  (v  +  i)W(v,©^)K-(v,©^) 

^  ©<©<«. 

0  —    — 

1     2 

The  next  step  is  to  prove  that  the  above  expressions  for  U  and  U  do 

indeed  provide  a  solution  of  our  problem.  In  the  following  we  give  a  list 
of  results  [a)  through  g)  below]  which  together  constitute  a  proof  of  the 

fact  that  IT'  and  Ir  jrleld  a  solution  of  the  problem  and  which  at  the  same  time 

1      2 

provide  a  justification  for  evaluating  the  representations  of  U  and  U  and 

their  derivatives  by  residues.  The  proofs  of  the  statements  given  in  a)  - 
g)  will  be  found  in  Appendix  II, 

In  stating  these  results  it  is  convenient  to  make  the  following  trans- 
formation: 

(U,16)        a  "  V  +  ^  t 


Equations  (U.l5)  and  (U.l5*)  then  become 
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-,  .^        /  P     ^(-cose  )  P     t(cos  ©) 

(U.17)     r(r,6)=  ^  y  r"^    -^=i -—2 °=L_t da,     r  >  0,  0  <  ©  <  ©„ 

'"'     Cp  aW(a  -  i,©^)r(a  -  |,©^)  "  "      "    ° 


(U 


o                 -,        /           P     ,(cos©)P     ,(cosX) 
.17')  u2(r,e)=  ^    y  r-^      °"-^       ^       °"^ J da,     r  >  0,  ©^  <  ©  <  n. 


Cp  aW(a  -  f,©o)K"(a  -  f,©^) 


t 
where  C     in  the  v-piane  goes  over  into  C     in  the  a-plane.     Except  for  a  small 

semi-circular  arc  which  bypasses  a  =  0  in  a  clockwise  fashion  C     is  the  imaginary 

a-axis    [see  Fig.  3  below ^, 

Then  we  can  prove   the  following: 

a)  The  integrals  in  Eq,   (U.l5)   and  (U.15')  converge  uniformly  for 

r  and  ©  in  the  ranges  0<r<H<   oo,  0<&<e     and  0<r<K<oo,  ©     <©<« 

respectively.  In  particular,  therefore. 


U^(r,©) 

(U.18) 

U^(r,6) 


9|©^       C 

1        2 

where  f  (a)  and  f  (o)  are  defined  by 


©t©   ^  ^  °-^     ° 


^  y  r-^  f^a)P^_^(cos  4)da, 


f^(a) 


Ma.  -  |,  ©^)K"(a  -  |,  ©^) 


(U.19) 


„         P  ,(cos  ©  ) 
f^(    \  ^  a-l      0 

f  (a) 


aW(a  -  |,  ©^)K"(a  -  i,  ©^) 
b)  On  setting  a  =  |a|e  '^,  the  contributions  of  the  integrands  of 


Eq,  (U.l?  and  Eq.  (I). 17')  when  integrated  over  an  appropriate  sequence  of 
the  circular  arcs  C'  °'  and  C^  °'  [see  Fig.  3J  approach  zero  with  IQqI" 
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uniformly  in  p  for  p  in  the  ranges  -•|<P<|and^<p<|n,   respectively. 
Consequently  the  integrals  in  Eqs.   (U.17)  and  (U.17')  may  be  evaluated  by 
residues. 


(U.20) 


at  |a|e'^  plane 


Re  a 


Figure  ^ 
;)    In  the  region  0<r<R<   oo,  0<0<  O^-e,   e  >  0,  the  integrals 

r~°P     .(cos  0)  dfl, 
a— J.  * 


f\a) 


d_ 
dr 


f^(a) 


9r 

i_ 

3Q^ 


r~*¥     .(cos  ©)  da 
a-i 


are  uniformly  convergent^  and  also  in  the  region 
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0<r<R<oo,6     +6<©<n,  5>0,   the  integrals 


/(a) 


3r 

a© 


r"'^     ,(cos  n  -  ©)  da» 
a-1  * 


(U.21) 


f^(a) 


3^ 


3© 


--a 


r     P     .(cos  n  -  ©)  da 


2         2 

3       3       3         3  .^ 

are  uniformly  convergent.     Consequently  the  operators  ^,  ^,  — g-j  — ^  cominute 

36       36 

with  the  integral  operator  in  Eqs,   (U.17)    and  (U.17').     In  particular  these 

integral  expressions  are  continuous  across  r  »  1.     Moreover  Laplace's  equation 

is  satisfied  in  the  stated  regions  of  validity. 

By  suitably  deforming  the  contour  C     it  is  possible  to  obtain  integral 

representations  which  are  equivalent  to  those  mentioned  in  Eqs,   (U.17)   and  (U.l?') 

and  which,  provided  r  is  bounded  away  from  unity,   converge  for  all  ©  in  the 

ranges  0<©<6,6    <©<"•     In  the   following  we  discuss  briefly  these 

equivalent  representations  and  mention  some  properties  which  will  be  useful 

later, 

d)   In  Eqs.    (U.l?)  and  (U.17'),  for  r  >  1  and  r  <  l,we  may  deform 

the  contour  C     to  the  contours  C    „    and  C~,>    respectively    [see  Fig.  U|.    fin 
p  n/u  Ti/U  ^—  — '      i- 

Fig.  U  the  extensions  of  the  linear  parts  of  C    .,    and  C~  .,    are  chosen  to  go 
through  the  origin.     The  90-degree  arc  in  the  left-hsilf -plane  which  is  in- 

'ji/U 


eluded  between  the  linear  portions  of  C^,,^  is  shared  by  the  contour  C^  ,  .  J 


Therefore  we  may  write 
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(U.22) 


U 


N 
2ni 


f'-(a)P     ,(cos&) 
a-i 

f^(a)P  _j^(cosn-d) 


da,  r  >  1, 


0  <  e  <  9 

—      —     o 
^_&     <  *  1  n 


(U.23) 


'u^' 

U^ 


N 

2TTi 


-a 


'n/U 


■f^(a)P     ,(cos  e)  ' 
a-i 

f^(a)P     ,(cosn-©) 
a-1 


da,     r  <  1, 


0  <  ©  <  © 
—       —     0 


^e     <  6  <  n 


a    plane 


Re  a 


Figure  U 

e)  When  i+   e<r<H<   oo,   e>0,  andO<©<©^ore^<©<Tiin 

Eq.  (U.22)  we  may  pass  under  the  integral  signs  with  tne  operators  ^  ,  — ^  , 

2  3r 

—  or  —  and  still  obtain  integral  expressions  that  converge  uniformly  with 

respect  to  these  variables  when  they  are  allowed  to- vary  in  the  indicated 
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ranges.     The  same  is  true  of  the  integrals  in  Eq.   (U.23)  when  r  is  confined 
to  the  closed  interval  0  <  r  <  1  -  e  and  9  in  the   closed  intervaiis  0  <  9  <  6 
and  ^Q  <  ®  <  "o     In  particular,  we  may  write 


(U.2U) 


au-^(r,ft) 


d&        \9)Q 


5U   (r,&) 

9©        |0|d^ 


N 
71K 


-a 


r'-Ca)?'    ,(cos©^) 
a-i  o 


f^(o)p'    ,(cOSTI-e   ) 
a-1  o' 


da,         r  >  1, 


(U.25) 


"au-'-Cr,©) 


d© 


©4©^ 


9U   (r,©) 

a© 


Pl^c 


N 
2ni 


-a 


f-'-Ca)?'  t(cos©^)    n 


a-i 


f^(a)p'   ^(cosn-©^) 
a-1  0 


da. 


r  <  1, 


f)  Consider   the  integrals  derived  from  (U.22)    and  (U.23)  by  differ- 
entiating under  the  integral  signs  with  respect  to  ©  and  r.     The  values  ob- 

la"!  |an| 

tained  by  integrating  along  the  contours  C  and  C  approach  zero  with 

|a"|"     if  an  appropriate  sequence  of    |a    1 ,  n  =  1,   2,    •••is  chosen.     There- 
fore we  may  evaluate  these  integrals  by  residues.     This  means  that  we  may 

1  2 

differentiate  the  eigenseries  expansions  of  U     and  U     tenri  by  term, 

g)  Finally,  for  0  <  r  <  1  the  integral  representations  of  ^—  , 

f^i        ail  ail 

■^-  ,  — w  and  — 5"  ,  i  =  1,2,   are  continuous  across  ©  =  ©     so  that  Laplace's 

^       ar"^         a©'^ 

equation  is  satisfied  for  all  r,  0<r<l,  0<©<  2n, 

As  already  mentioned,   the  proof  of  these   assertions  will  be  given  in 
Appendix  II.     It  suffices  to  say  here  that  these   facts  follow  from  the 
known  asymptotic  behavior  of  ]i'{a  -  p *  ©   )t  t^"(a  -  p*  ®o^   ^"'^  ^"^  P  ^^(+cos©) 

and  P     , (±cos©)  in  the  complex  a-piane, 

1  2 

Before  giving  the  eigenseries  expansions  of  U     and  U     it  will  be  useful 
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to  have  at  our  disposal  alternative  forms  of  Eqs.  (U.17)  and  (U,17')«  These 
are  obtained  by  solving  for  K"(a  -  -^j  ©  )  in  Eq,  (3.13)  and  substituting  the 

resulting  expression  into  the  integrands  of  Eqs.  (U.17)  and  (U.l7').  The 

1  2 

resulting  integral  representations  of  U     and  U     are 


, K   (a  -  "5,  6   )da,     r>0,     0<&<©, 

aP     ,(cos&  )  "^       °  ~  -      -     o 

a-1  o 


P      ,(-cos&) 


(U.26')   U^(r,©)=  -^    /   r"*"    -^ ¥^{a  -  L  ©^)da,  r  >  0,  ©^  <  ©  <  n. 

^"^   ''C^  aF     .(-COS&  )  ^       °  _  0-      - 

P  a-1  o 

v;e  shall  employ  Eqs,  (U.l?)  and  (U.17')  to  obtain  eigenseries  expansions 
in  the  region  r  <  1  and  Eqs.  (U.26)  and  (U,26')  to  obtain  eigenseries  expan- 
sions in  the  region  r  >  1,  The  virtue  of  this  procedure  is  that  we  avoid  the 


aK*(a  -  p  ©)  3A~(a  -  i,  ©^) 


appearance  of  terms  involving ^ and  — ^ about  which 

oa  oa 

WB  do  not  have  much  ready  information.  Actually,  it  is  necessary  to  evaluate 
only  the  expression  for  U  (r,6)  by  residues,  as  we  shall  now  show.  Let  us 
write 

(U.27)        U^(r,e)  =  U^(r,©,©^)         i  =  1,  2 

1      2 
tc-  exhibit  the  ©  -dependence  of  U  and  U  .  Now  if  in  Eq.  (U.26')  we  write 

-cos  ©  and  -cos  ©  as  cos(n-©)  and  cos(n-©  ),  and  set  T'-  ■  n-©  and  %    ■  n-©  ; 

O  0  '  '00 

then  it  is  easy  to  see  that 

'      0  M       /  P      ,(cosX)K'*'(a-  i,  6   )  , 

Li  a-1  ' 

This  result  follows  from  the  fact  that  K*{a   -  ^,  ©  )  =  A^Ca  -  ^,  /  )  [cf .  Eq, 
(3.22)]  and  the  fact  that  • 


P      t(-COS©    }    = 
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dP„  ,(-cos©)i  dP^     (cos/)' 


'  o  '  /         '  o 

Therefore  if  we  obtain  the  eigenfunction  representation  for  ir(r,©,0   )  in 

2 

say  the  region  r>l,  0<©<e,   the  representation  for  U   (r,9,&   )  in  the 

region  r>i,  ©•     <'^<''^  may  be  obtained  by  setting  U   (r,©,0  )=  -U   (r,  ^,  /  )• 


3,     Eigenf miction  Expansions  -  Conductivity  of  the  Opiening 

5.1  Expansions  in  the  Region  r  >  1;    Determination  of  the  Normalization 

Factor  N 
To  find  the  eigenfunction  expansions  for  U  (r,©;0   )   in  the  region  i*  >  J-> 
0  <  0  <  ©    we  en5)loy,   for  reasons  mentioned  above,  the  integral  representa- 
tion for  IT*"  given  in  Eq.   (U.26),     Since   (K*(a  -  ■^,  ©Q)/a)  is  regular  to  the 
right  of  the  contour  C      [see  p.20j  we  see  that  the  only  poles  in  the  inte- 
grand of  Eqc   (3.20)  which  lie  to  the  right  of  C     are  located  at  the  zeros 

of  P     ,(cos©   )  which  lie  to  the  right  of  C^o     These   zeros  are  given,  in  virtue 
a-l  o  p 

of  Eq.  (3.12),  by 

(5.1)  aj©^).0}       ap(e^)   -  i  +  ^  (p  -^)   *    0(^^  P  -  ■L*^,---, 

where  a, (6   )  »  1  for  all  &     in  the  range  0  <  9     <  n,   and  where  in  particular 
a     -  I  +  2(p  -  |),  p  =  1,   2,    ...,   for  ©^  =  J,    [cf.  Eq.   (3.11)]. 

Expanding  the  right-hand  side  of  Eq,   (U.26)  by  residues    [see  bjp.2f] 
we   get 

,00  -a  (©   ) 

(b.2)     U-^(r,©;©   )  .  -Na;(©^)-  N  ^  a^(9^)P     ,^     ^^(cos»)r     P  ,  r  >  1,  0  <  ©  <  ©^, 

p=l  ^  p     o' 


where 
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(5.3)     a-^(Q^)=  iim 


[a-c  (©^)]l.^a-  |,e^) 


P     o 


P     '^     a^a  (9   )1       aP     Jcos9   ) 
p     o    I  a-1  o' 


K  (©   )  beinp-  defined  as  follows: 


f 


^\-l^°°®®^ 


3vae 


& 


o 
P     o 


K*(e   )   =     lim 

p     o 


K*(a  -  i,  e^) 


(5.U) 


2  /2sine^  P;^/2(cosg^)P;^/2^cos  /l^)  exp  (a^Ce^)-  i)(t-  i)  |   f  [^^(9^)*!] 


-'i.-i^' 


P  =  0,1,2,- 


The  expressicne  for  the  first  tvro  coefficients,  a  (&  )   and  a  (9  ),   can 
be  recast  in  a  simpler  form.     To  effect  this  simplification  we  employ  the 
formulas 


(b.?) 


-1 


F^_j^(cos  &J  =  -  v(v-l)P^_^(cos  9q), 


[cf.  Eq.   (3.6)J    and 

0 
(5.6)  P^  (cos  9^)   -  p2^(cos  9^)   -  tan  ^ 

fcf,    [2]  P.63J  which  in  conjunction  with  the  first  equation  in  Fq,   (5.3)  yield, 
__  _  ■    ~       ~~ 

It  should  be  observed  that  K  (^q)*  p=0,l,2,,,,  ir     positive  imaginary.     This 
follows  from  the  fact  that  K.(a-  ^,  9   )   is  positive  imaginary  when  a  is  real 
[see  p.  lU]   and  the  fact  that  O-jC^q)  is  real. 
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after  the  proper  limiting  operations  have  been  performed, 


(5.7) 


%^V   '   '^•^(^o^^^^^V^) 


aj(©^)  -  .K*(©^)ctn(6y2). 


in 


Employing  the  preceding  results  in  conjunction  with  Eq.  (U.28)  we  have, 
the  region  r  >  1,  0  <  /(<  /  , 


(3.6)  U^r,&,e^)-  N  a^(/^)+  N  ^  aj(  ;(^)P^  (.  ^_^(cos /)r"°^ 

p^l        p  /  o 


(/o) 


p^'  o 


,  r  >  1, 


o  -   -  * 


where     X^  »  n  -  ©,  and  ai'/.)  »  ^  +  -jr-  (p  -  i)  +    0(i),   and  where 

p   o    ^    /t      u      p 


^p(\) 


P    0 


e  p^i(cosX  ) 


Saa 


>/ 


a=a^(X^) 


1        p  =  2,3.4 


»  •  •  •  • 


(5.9)     aj(%^)  =   K;(X^)ctn('Xy2)  =  K''^iX^)t^(^j2)^ 

4^^o^     =       <(%o)=t^(Xo/2)  =-<(X  )tan(«  /2)   . 


In  particular  at  ©  ■  ^  "  -p  we  have  [cf .  £q.  (3.37)]] 

.1 

'2  "  ? 


(5.1C) 


K*(a-ii)       r(i-f)       r(i-#) 


2'  2'    .   '  '2   2' 

.  1   m    1 


ar(§)         2r(f*i) 


Also 


-  31  - 


(ij.li)       P_  ,(0) 


>   ■        2  v^ 


I^f.  Eq.  (3.10)]. 

Employing  these  formulas  in  conjunction  with  Eq,  (5.3)  and  the  fact  that 


(a-a^(^))r(|^f)r(f)P(|  -  f)' 
P^2''  V>Gp(5)l       2P(§*  1)  2/^ 


a„(Tr;=  i  lun 


((a-aa))   v^ 
«  i  li™    J  \   P  ^J^ 

a->a   (^)  1  2acos(^) 

Since  a     -  2p  -i,  p  -  1,2,«"  it   follows  that  at  ©     »  ^, 
p'  o^ 

(5.12)  aJ;(J) i 5- J—  -  i  ilii^ p  -  1,2,. 

P  ^  /;?(2p  -  ljsin(^2-^)n  V^  (2p  -1) 

For  p  =  0  i_t  is  easy  to  prove  from  Eqs.  (5.7)   and  (5.10)  that 

(5.120  aj(|)-i^. 

Eigenfunction  representations  for  the  derivatives  of  U  (r,©;©  )  and 
ir(r,&j&  )  can  be  obtained  from  Eqs,  (5.2)  and  (5.8)  by  termwise  differ- 
entiations   [see  p,  26   f  )J ,     In  particular,  for  r  »  1 


3U^(r,©,©^)  NaJ(eo^ 

(5.13) 


^ —      'v      —A? +    "*   t  0  <  ©  <  © 

8r  2  *  _      _    o 

r 


3U^r,©,©^)  Na;J(^^) 


-rr ^ 7^ +...,  ©      <6<Tl, 

dr  2  »  ^  _      _ 


o   —        — 

r 


In  order  that  the  incoming  fliuc  in  the  region  0  <  ©  <  ©     be  f   (cf ,  para- 
graph following  Eq,   (2,Ud)3  we  must  have 
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(5.1U)        N ^-i . , 

Un  sin^(©  /2)  ajC©  ) 
o     J.  o 


which  in  ccnjimction  with  Eq.  (5.7)  yields 

(3.iU')       N  = , 

2n  sin©  »*,{Q   ) 
o  i  o 


Note  that  N  is  a  negative  imaginary  quantity  since  K.(6  )  is  a  positive 

imaginary  quantity  [see  footnote  on  p,  29J .  It  follows  that  the  quantities 

1  2  / 

Na^(©  )  and  Na  i/-^)   appearing  in  Eqs.  (5.2)  and  (5.8)  are  real. 


When 


i/n 


©^  -  n/2,   a^(|)=  -i/  /f?,   ITom  Eq.   (5.12).     Employing  Eq.   (5.1U)  we 


have 


(5.15)  N(n/2)   =  f/(2i  y^j. 

Since  a  (n/2)  =  0  and  a  (n/2)  =  2p-l,  p  =  1,2,' ••,  we  find,  using  (5.12),  (5.13) 
and  (5.15)  that  the  eigenfunction  expansions  given  in  Eqs.  (5.2)  and  (5.8)  become 


(5.16) 


k/2  <  6  <  n 


where  we  have  employed  the  fact  that  P„  ^(-cos©)  =  P^,  o(cos©)  in  the 

tip—c  ^p— «: 


2  J.  2 

expression  for  U   .     Clearly  IT"  »»  -U     when  ©  -^  n/2  and  r  >  1  and  hence  the 

potential  is  discontinuous  acrost.  the  cone, which,  since  ©     *•  n/2,   is  a  plane 

screen.     The  normal  derivatives  dlT'/BO  and  8U  /30  both  vanish  on  the  screen 


In  particular  since  K^(6)   and  T^^i-jC^)   are  positive  imaginary  quantities 
[see  the  two  preceeding  footnotes],   a^(&^)  and  a^iytC  )   are  positive 
imaginary  quantities    [if.  Eqs.   (5.7)   and  (5.9 J].     Hence  Ha^i^)   and 
Na  (©  )   are  positive  quantities. 
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because  Pp  _2(c086)^p  =  i,2,  is  an  even  function  of  cos6  and  as  a  result 

dP^^  ^(cos&) 

3©        6  =  11/2    • 

It  is  of  interest  to  determine  the  flux  at  infinity  in  the  region 
^    <  0  <  n.     In  this  region  we  have  in  virtue  of  Eq.   (5.13)  and  (5.9) 

3U^(r,©}&^)  ^  ^ 

d? "^ Te-     T        ^-^"^ 

,  2     o       r 

Un  cos     ■=- 


where  we  have  made  use  of  the  fact  that 


(5.17)       4^/o)  =  \(»o^' 


It  is  now  an  easy  matter  to  verify  that  in  the  region  ©    <  ©  <  n  the  flux 

at  ini'inity  is  outgoing  and  has  the  magnitude  f .     Incidentally,  we  have 

proved  the  fact  that  the  flux  entering  at  r  =    co  in  the  angular  region 

0  <  0  <  ©     is  equal  to  the  fliix  leaving  at  r  »   oo  in  the  angular  region 

©     <  0  <  n. 
o  —      — 

5.2  Expansions  in  the  Region  r  ^  1 

In  the  region  r  <  1,  as  alreai^  noted,  it  is  convenient  to  use  the 
integral  representations  given  in  Eqs.  (U.17)  and  (U.l?').  By  an  inspection 
of  the  integrands  we  see  that  the  only  poles  in  these  integrands  tc  the  left 
of  the  contour  C  come  from  the  negative  zeros  of  W(a-  ^,©  ).  From  Eq.  (3.ii) 

*  This  result  follows  immediately  from  Eq,  (5.U)  if  we  recall  that  a,  (©  )  ■ 

a,  (  %  )  =1.  For  similar  reasons  we  also  have  K  (x  )  =  K  (©  ), 
X    '   o  o  /  o     o  o 


-  3U  - 


(5.18)  W(a  -  L  &) 


2  sin  n  a 


2*     o'       n  sin  ©        * 
o 


so  that  the  poles  of  the  integrands,  a     (6   ),are  given  by 


a_p(»o)   -  -P,  P  -  1,   2,    •••. 


Expanding  these  integrals  by  residues    [see  p.  22,  b)J   and  using  the  fact 
that  P        ,(cose)   =     P  (cose)  we  get 

U"''(r,e;&  )   =  N 


00 

E 

T3-i 


21  (-l)P  bJ(0^)Pp(cos&)r^ 


(5.19) 


where 


U   (r,&;e  )   »  N 


sin© 


00 


P   K^^Q    \-o    ^_««ca\».P 


^  (-1)^  b'(©^)P  (-cos©)r 
p=l  ^  ^ 


,0<r<i,     0<©<©, 


,0<r<l,     6o<©<«} 


dp  (-cos©) 


J 


V'.'  ■  — -,., .  J. .  .      • 


2*     o' 


(5.2C) 


sin© 


dp  (cos©) 
~?© 


©=© 


b'(©  J , 

P     °  2  K'C-P-  |,  ©^) 


P  -  1,2,*«'. 


Employing  the   fact  that  P  (-cos©)   »   (-1)  P  (cos©),  it  is  easy  to  verify 


that 


U^(r,©;©  )=  U^(r,©j©  )-  mYL  ^  ^®o^^  (cos©)rPl,     0<r<l,  0<©<nj 

Lp=i  P    P       J 


* 


where 


(5.21) 


sin© 


b  (©  ) 
P  o' 


"dp  (cos©) 
d© 


©=& 


o-" 


2K*(p  ♦  |,  ©^) 


#  From  Eq.  (3.21c)  we  know  that  k""(v,©  )  =  A*(-v,©  ).  It  follows  that 


K"(-p  -|,  ©q)  -  K*(p  +  i,  ©„). 


2*     o' 
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When  0-^   -  n/2  =  n-©^  we  have  from  Eqs.  (5.10)  and  (5.11) 

,     /Ti.        1     ^(2v-l)/2^°^    , 

K   (v,  ^)  |v  -  p+  - 


:&. 


^^(M)^(^J) 


V  -  p  +  ^ 


-^         Lfrom  Eqs.   (3.10)   and  (3.37)3 


^ 


-sin 


ir(-|)r(i  +  §)       i\^ 


(pn/2) 


since   sin  nz  -  n/    p(z)P(l-z),     It  follows  that 


(5.22) 


V-2^ 


0, 


(-1) 


2k-i 


V       i   y^ 


1  -  1,2,    •••, 


p  -  2k-l,       k  «  1,2, 


The  velocity  potential  U(r,»)  in  the  region  0  <  r  <  1  is  therefore  given  by 


(5.23) 


U(r,&) 


1^71^  k=l 


Yi  {-l)^^'\^_^ioos(^)r 


2k-i 


Note  that  the  right-hand  side  of  (5.23)  is  an  odd  function  of  cos  8,  and 
that  N  is  positive  imaginary  [see  Eqs.  (5.10)  and  (5.16)]], 
5.3  Conductivity  of  the  Opening 

Let  U  and  U  be  the  constant  potentials  at  infinity  in  the  regions 
where  the  flux  is  outgoing  and  incoming  respectively.  Then  the  conductivity 
of  the  opening  Cr^(O-)  is  defined  as  follows: 

(5.2U)  (TC©^)  -  f/  (U"-  U'). 

In  the  present  problem  flux  is  incomijig  in  the  region  0  <  &  <  ©     and 

^      —    o 

outgoing  in  the  region  6    £  *  <  "•     1^'t 

(5.25)         U-^  -  lira    U-'-Cr,©) ,  0  <  6  <  e^;     U^  =  lim  U^(r,©),  ©    <  0  <  n, 
^      r->  0  o  -      — 


[cf.  Eq.   (2.Udrj.     Then  we  have    [see  Eqs.  (5.2)  and  (5.87] 
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(5.26)  U"  -  Na^(/^),     U«  -  -NaJ(©o). 

It  has  already  been  remarked  (see  footnote  p. 32]  that  Na  (l^  )  and  Na  (©  )  are 
positive  quantities.  The  conductivity  <r(©  )  is  therefore  a  positive  number. 
It  is  also  interesting  to  note  that  the  fluid  flows  from  lower  to  higher  potential. 
Had  we  started  with  incoming  flux  at  infinity  in  the  region  ©  5  ®  <  "  the  same 
remarks  would  be  true  as  can  easily  be  verified  by  substituting  -f  for  f  in  the 
results  of  the  preceeding  sections.  Moreover  the  expression  for  the  conductivity 
for  this  case  would  be  the  same  as  derived  below. 
Employing  Eq.  (5.13)  we  then  have 

UTt  sin^(6^/2)  ahQ) 

(5.27)  (r(&  )  -  —^ 1   :  ^  ■   ' 

°      Pa-^C©  )  +  a-^(  /  j] 
L  0^  o'         o   ^o'A 

which  in  virtue  of  Kqs.  (5.7)  and  (5.9)  becomes 

Uti  sin2(©y2)[K;(9^)ctn(©^/2)] 


(5.23)  cr(8^) 


K(»o^^^"(V2)<^^^^^^*o/2Q 


K  (©   ),  P  =  0,    i  being  defined  in  Eq,   (5.U).     Now,   as  mentioned  above    [see 
po  "- 

footnote  p.33]     K*(6   )   =  K*(y,    ).     Therefore  we  have 

(5.-9)  (r(©  )  -     ^t-. • 

K(*o)] 

Now  it  can  be   shown    [Appendix  III]   that 

sin  © 

(5.30)         k;(©^)k;(©^) ^ . 

Then  clearly 

(5.31)  (TC©^)   -  -2Ti[K*(©^)]^sin©^,  0  <  ©^  <  TT.'' 

•)*■  ^ 

It  should  be  recalled  that  K.(©   )  is  an  imaginary  quantity.     The  expression 

for   ^(©q)  on  "the  right-hand  side  of  Eq,   (5.31)   is  therefore  real  and  positive, 
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When  0^  «  ^,  we  have  from  Eq.   (5.10) 


(b.32) 

K*(")   -         ^ 

^*^'    2r(|) 

Thus 

(5.33) 

<^q)  -  2. 

This  res'alt  agrees  with  the  known  result  for  the  conductivity  of  a  circular 
aperture  of  unit  radius  in  a  plane  screen,    [cf.    [5]   p   .  5l8,  Eq.   (19)], 

•^he  function  1^^(60)   in  Eq,   (5.30)  may  be  expanded  in  a  Taylor's  series 
about  the  angle  6^  -  n/2.     In  this  connection  it  is  to  be  noted  that  Eq.    (5.17) 
implies  that  'f^^^i'^^)  is  an  even  function  of  (e     -  Tt/2).     The  series  expan- 
sion for  Kj^(Sq)»  up  to  terras  of  0  [(&     -  n/2)  J,  may  therefore  be  written 
as  follows; 


(5.3U)     Kj^-  l^j^(|)^ 


-I 


3^A(e  ) 

o 


.,(?)     ^Bl 


©  -  n/2 
o       ' 


cvl'H*  0  [(«-?)"]. 


o     2' 


0  <  e    <  n, 
o 

2  2 

It  is  not  difficult  to  evaluate  d  K(0-  )/d6  at  ©  -  n/2.  For  the  saKe 

00  o         ' 

of  brevity,   however,  we  refrain  from  giving  the  details  and  merely  quote  the 
following  fined,  result: 


^*o        1^0=  2  Inn 


(5,35) 


p=l|j:2p.  |)^L 


/d  V  (©  ) 
'       p     o' 

"T5 — 


d& 


o     2,' 


(2p-  i)(2p-  |)^     d\ 


When  the  radius  of  the  circular  aperture  is  b  ^  1  it  is  easily  verified  that   ^(6.) 


-2nb  K!'(»Q)^8in9^.     In  particular,  when  »  -  ti/2  .  0"(©q)   =  2b. 
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where 


(5.36) 


dv 

_£ 
d& 
o 


IT 

2 


P  »  -L,2, 


(5.37) 


and 


d^v 


d©' 


[t(p  -  i)-  T(^  -  p)],  p  -  1,2,.-., 


T(z) 


P  (2) 

r(z) 


It  is  not  difficult  in  principle  to  obtain  the  coefficients  of  the 
higher-order  terms,  but  the  labor  involved  is  prohibitive. 


On  differenti 


iating  Ppoy  cq  )_il /p^^'^^o^  "  ^   implicitly  with  respect 


to 


©  we  get 


dv  (©  )     Py  (6  )(°°^o^ 
P  0  ,  _    P  o 


d©. 


^^(2v-l)/2^^'^^o^ 


8v 


It  folJ.ows  that 


v-v  (©  ) 
P  o 


dv  (©  ) 
P  o 


d© 


^L2Vp(n/2)-l3/2^Q^ 
^^^(2v-l)/2(Q) 


dv 


v=v  (k/2) 
P 


II 


Since  Pc2v-l)/2^^^  "  ~  ^~^ — ^^~2 — ^^(■?v-l)/2^^^  ^'"'^  since  explicit  expressions 

for  Pf2v  j)/?^^^  ^"^  ^C?v  iW?^*^^  *'®  functions  of  v  are  given  in  [2J,  Chapter 
dv^ 

can  be  evaluated  explicitly  [cf.Eq.  (5.36J]. 


IV,  the  quantity  -!*2 

o 
The  expression 


for 


V? 


© 


is  obtained  in  a  similar  manner. 
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6.  The  Behavior  of  U  and  Grad  U  near  the  Circiaar  Kdge 

6.1  Intrcductlcn  and  Summary  of  Results 

We  have  shovm  that  U(r,©)  has  continuous  first  and  second  r- and  6  - 
derivatives  and  satisfies  the  potential  equation  for  all  points  not  on  the 
cone.      We  shall  now  investigate  the  behavior  of  U  and  VU  in  the 
neighborhood  of  the  circular  edge,  r  »  1,  ft  ■»  0  ,  of  the  cone.  The  be- 
havior of  U  is  easily  disposed  of  since,  from  the  fact  that  the  integrands 
in  Eqs.  (U.26)  and  (U.26«)  are  Qia'^'^^)  \cf.   Appendix  II,  Eqs.  (II-13)  and 
(lI-lLia)j  as  |a|  approaches  infinity  on  the  contour,  we  can  conclude  that 
the  corresponding  integrals  are  bounded  in  'bhe  neighborhood  of  the  circular 


■^X 


Figure  $ 


-  Uo  - 

edge   and  in  particular  on  the  edge  itself.     The  main  object  of  the  section 
will  therefore  be   to  obtain  the  behavior  of  VU  in  the   region  under  consider- 
ation.    In  the  remainder  of  this  subsection  we  give  a  summary  of  our  results. 
Then  in  subsection  6,2  we  discuss  the  method  employed  to  obtain  these  results. 

Let  Tc  be  a  torus  whose  axis  of  symmetry  is  the  X-axis    [see  Fig.  5J    and 
whose  equation  in  the  A-Y  crossection  is 


X  -  cos©     +  5  cos(y  +  6   ), 
o  '  o  * 


(6.1)  Tgt 


y  -  sin©     +  6  sinCy  +  ©   ),  0  <  y  <  2n, 


where  6  is  the  radius  of  the  generating  circle  of  the  torus.     Let  V(x,y)  m  U(r,9) 

and  define  v,   and  v     as  follows: 
6  Y 


V, 


BVJcos©  +6cos(e  +y),   sin©  +5sin(©  ^T\ 

'6  85 

(6.2) 

avjcos©  +5cos(e  +y),   sin©  +5sin(©  +y7] 

V     »  — — 

Y  65Y 

Then  it  can  be  shown  that 


,  0  <  Y  <  2n. 


^,2  iN(©  ) 

lim  (6  '  v^)  ro  cos  JT  ,  0  <  Y  <  2n 

6^0      ^  /2^       ^  -  ^  -   i 

(6.3) 

j^  2  iN(©Q) 

lim  (5  '  v  )  a;  sin  ^  ,  0  <  y  <  2n, 


uniformly  in  y  for  y  in  the  indicated  range.  Using  the  customary  notation 

we  may  write 

iN(©  ) 

O  V 

Vc  /O   COS  ^  ,  0  <  Y  <  2n 

^    /?S6       2  -   -   > 

(6.3') 

iN(6  ) 


o 

Y 


V  -^  sin  ^  ,  0  <  y  <  2n. 


-  Ul  - 

It  should  be  recalled  that 

[cf.  Eq.  (S.IU'J],  ^l^®o^  being  defined  by  Eq,  (5.U).  As  we  have  already 

noted, N(©)  is  purely  imaginary;  the  asymptotic  expressions  for  v.  and  v 
o  0     Y 

in  Eq.  (6.3)  are  therefore  real. 

When  &  =  n/2,  we  have  from  Eq.  (5.15) 

(6.15)        N(n/2)  "  f  /2i  v^ 
and  hence  from  (6.3) 


(6.6) 


V         •           ^ 

COE    ^ 

sin  ^ 

^         2n  y26 

y      o«  v/oR 

0  <  Y  5  2n, 


0  <  Y  <  2n, 


In  the  following  subsection  we  shall  indicate  how  the  above  results 
are  obtained.  'J-'he  discussion  is  limited  to  obtaining  the  asymptotic  ex- 
pressions for  Vc  and  v  in  the  angular  range  0  <  y  <  ^»     The  corresponding 
expressions  in  the  angular  range  n  <  y  <  2n  are  obtained  in  a  similar 
manner. 

6.2  The  Asymptotic  Behavior  of  v^  and  v^  as  the  Circular  Edge  is 


Approached  in  the  Region  0  ^  y  ^  ti 
.n 
Eq.  (U.17') 


2  2  2  -12 

Writing     U     and  U^  for  3U  /3r  and  r     3U  /3©  respectively,  we  have  from 


V^*V^®o^"  -  2H  ^,  ^  T^-^ T^ ^   ^"^  ^'^o^'^' 

°p  Pa-l^-°°^®o^ 


(6.7) 


»T        /  ■    P      .  r-cos(9  +  A©   )1 

p  a-i  o' 

where  since  0  <  y  1  J^  we  must  have  n-©^  ^  ^  ®o  -  ^*  ^°^  ^°"  ^^»  ^'^^  (bottom) 
it  is  clear,on  substituting  (2c-l)/2  for  v^  that  neither  integrand  in  Eq.  (6.9) 
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has  a  pole  at  the  point  0=0.  It  follows  that  C  is  equivalent  to  the 
imaginsiry  a-axis.  Let  us  write 

(6.8)         t  =  log  r  -  logQ.  +  (r-iri   . 

From  Eq.   (6,1)  we  note   that 


(6.9)  r-1  -  /l  +   (26COSY  +  5^)     -  1. 
For  small  6  we  have  therefore 

(6.10)  t  -  6(cos  Y  +  |)   +      0  i6^(cos  Y  +  §)]  • 

If  novj  in  Eq,   (6.7)  we  represent  r~  ~     as  exp[^(a+l)log  r]   -  exp[^at]exp(-t) 
and  if  we  make  the  transformation 

Eq,    (6,7)  becomes 

+00 


U^(r  ©  +  A©   )   =  -  n£!       /'        exp(-t^/6)Ir(^/6) 
^r^^^V^^o-*  2ni         /         6 ^j 


(6.11) 


'-00 


„                                    -t          Z"^     exp(-t^/5)I   (^/5) 
U^(r,(.^+Ae^)   =     !^        /         F-^ ^, 

"^  -CD 

where   I  (a)   and  In(ct)   ^^^  'the  r-independent  parts  of  the   integrands  in  the 
first  and  second  integrals  respectively  of  Eq.   (6.7),     Now  as  we  let  5 
approach  zero^exp(-t^/6)   approaches  exp(-cosY^)    [see  Eq,   (6.10)]  ,and  the 
argument  ^/6  of  I     and  I^  becomes  large   in  absolute  value .     It  is  reason- 
able to  expect  that  exp(-t^/5)  may  be   replaced  by  exp(-cosY^)   and  I     ana 
I^  by  their  respective  large-argument  approximations.     The  large -argcument 
approximations  to  I     and  I_   sre  the  following   ^see  Appendix  II,  Eqs. 
(11-12)   -   (lI-iajQ: 


U3  - 


l2(^/6)  ^  ±     2^:2 .^  J.  .    r.a     S  .         o 


expA  i    g!,9^|.^3    ^, 


(6.12) 


^*(^o'  ^^^'^' 


Ig(J:/6)     'v;       — exp  ^±  1    [AQ^  |  +  -^  ]    ^  , 


where  the  upper  sign  is  employed  when  ]Jn(^}  >  0  and  the  lower  sign  when 
Im(^;  <  O^and  where 

(6.12')  Y^  -    1^1   expQi  arg(?;/2;3, 


-r  <  arg  ^  <  r , 


From  an  inspection  of  Fig.  5  it  is  clear  that 


(5.13)  A©Q  =  5  sin  Y  +     0(6),  0  <  y  <  2n     . 

2       ^®0T 
Assiuning  it  is  permissible  to  replace  exp[±i(j;0(6   )+  — ^ — )J   in  Eq,   (6.12) 

by  unity  we  have 


r(^/5)  ^  ± 


''*^^'  ^^^''^'         exp(t  i  K  sin  y)    ^       o<Y<n^ 


(6.1U) 


Iq(^/6)    /nj     k*(e,^^)6-^/^  exp(t  i  ^  sin  y).  0  <  y  f  n. 

If  we  substitute  these  results  into  Eq.   (6,11)  we  get  for  0  <  y  <  " 


r 


Nic^G    .  76    ) 


r-  100 


(6.15) 


i(2Tii)6 


1/2 


exp[-^e~'-^]d^  + 


-100 


exp[-^e^^d^  ^ 


2  "^"(»o>  ^o^ 

"e    '^   ITT" 

®         (2iii)6-^/^ 


u'o  '  ^  '0 

ioo  -ioo 

/     ex.pC-^e-^^]dX         f        ^^----V- 


The  derivation  of  Eq.   (6.15)  from  Eq.   (6,11)  will  be  justified     rigorously  in 
Appendix  IV  where  we  prove  that 


-  lih- 


lim(5^^)' 


^^"i^o'l^o^ 


r  100 


5->0 
(6.15') 


5^0        ** 


2ni2 


— ?n 


L  o 


-100 


exp  [-^e^^] 


d^ 


-   100 


-100 


[    expL-^e~^^^        f     exp[:<e^tl 


d^ 


xmiformly  in  y  f°r  Y  OJ^  'the  range  0  <  y  <  tt. 
Now  let 


100 


P  - 


exp(-^e~^^) 

y^ 


d^. 


It  is  easy  to  show  that  Ke(-J^e~"*'^;  <  0  when  arg  K   is  in  the  range  2  *  r  <   arg  ^ 
=  -  ^  +  Y.  i^t  us  deform  the  contour  to  the  ray  arg  ^  »  y»  Since  no  poles 
or  branch  cuts  are  encountered  in  this  deformation  we  have 


00  e 


00 


®     d^  -)A  exp(i^). 


In  a  similar  manner  it  may  be  shown  that 


-ioo 


exp«e"^^)   ^  ,  ^     ^^(^^ 


Thus  we  have 


(6.16) 


which,  since 


Nk^C©   ,/    ) 
U*^    ^   +     —2 ^  cos(y/2). 


YnS 


Uq   ^   +     —^^2 2_sin(Y/2), 


)/JiS 


0  <  Y  1  ", 


0  <  Y  1  "; 


(6.17)  k*(e^,/.^)  =  i/)^  , 


-  U5  - 
[see  Appendix  II,   Eq.   (ll-2lj],  becomes 


tt2  iN  y 


(6.1S) 


tt2  iN  .      y 

Uq  /*>     ■  '  ■         sm  ^  ,  0  <  Y  <  "• 

y2n5 


Expressing  9V  /3x  and  aV  /3y  in  terms  of  U     and  U^  ^where  V^(x,y)  =  U-(r,Q)_, 

2-12  2 

and  then  expressing  3V  /36  «  Vg  and  6     (3V  /3y)   "  v     in  terms  of  9V  /3x  and 

2 

BV  /9y,it  is  easy  to  verify  that 

iN(»  ) 

Ve  A^  ^  cos(y/2),      0  1  Y  1  n, 

/2n5 
(6.19) 

iN(©^) 
V  rO    -  -  ■ —  sin(Y/2),      0  <  Y  <  n» 

These   are   the  formulas   quoted  in  Eq,    (6,5)   for  the  Y-interval  under  consider- 
ation.    AS  already  noted  the  above  formulas  are  also  valid  in  the  interval 
n  <  Y  <  ?"• 


7,     Uniqueness  of  the  Solution 

In  the  previous  section  we  showed  that  the  quantities  U  and  ^r-  '  v^  ^^^ 

do    O 

of  0(1)  and  0(6  '    )   respectively,  in  the  neighborhood  of  the  circular 
edge  of  the  cone,  Since  these  estimates  hold  uniformly  for  y*  0  <  Y  <  2n  it 
follows  that 

(7.1)         lim    /  U  U  ds  »  lim   /  Uv^  ds  »  0, 

o  o 


vriiere  sT^  stands  for  the  surface  of  the  torus  T^  defined  by  Eq,  (6,1),  Let 
V  be  any  velocity  potential  which  satisfies  Eq,  (7.1)  and  conditions  (2,i4.a)- 
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(2,)ic},   and  which  has  the  following  behavior  (a)    'inside'   and  (b)    'outside' 
the  conical  pipe: 


(a)      -^r^   - 


5 — ?  * 

Uti  sin  0  r 


r  — >oo, 


0  <  e  <  6 
—      —     o 


(7.2) 


(b)     ^    ^ 


2       ?  * 

Un  cos  &  r 
o 


r  — >oo , 


©     <  6  <  n, 
o  —      — 


Thus  both  U  and  V  are   solutions  of  Laplace's  equation  and  satisfy  the  aptiro- 
priate  regularity  conditions,   and  in  addition  are  characterized  by  the  same 
flux  conditions  at  infinity.     If  we  write  W  »  U  -  V,  then  clearly 

Y 


^    X 


Figure  6 
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(7.3)  /     WV^dv    ■=      /wvw.di     -/  (VW)^dv, 

vS  sS 

where  vS  and  sS  stand  for  the  volume  and  siirface  areas  resr)ectively  of  the 
large  indented  spheidcal  surface  S  centered  at  the  origin,  A  cross-sectional 
view  of  b  is  shown  in  Fig,  6,  Now  in  view  of  the  properties  of  the  velocity 
potentials  U  and  V  we  see  that  if  we  let  the  radius  of  the  sphere  S  become 
infinite  and  let  5  approach  zero  we  have 

(T.U)  J   (VW)^  dv  -  0, 

the  integral  being  taken  over  all  space.  It  follows  that 

^^•^'  U  «  V  +  constant. 

Thus,  except  for  an  arbitrary  and  active  constant,  U  is  the  only  function 
satisfying  conditions  (2,Ua)  -  (2.Uc),  Eq,  (7.1)  and  the  flux  conditions  of 
Eq.  (7.2). 

At  the  end  of  subsection  5.1  we  observed  that  the  incoming  flux  was  the 
same  as  the  outgoing  flux.  It  is  interesting  to  note  that  this  fact  implies 
that  flux  is  neither  emitted  nor  absorbed  by  the  circular  edge .  The  converse 
is  also  true.  To  prove  these  assertions  let 

Uti  sin  ©    r 
(7.6) 


9U   .,      f      1 


A>J 


r\T  2 

Un  cos  &    r 


-=2'  ,     r  ->oo,   ®o  1  ®  5  "• 


Then  from  the  relation 


(7.7)         0  -   /  V^U     -     /  1^  ds 


and  the  fact  that  the  normal  derivative  9U/9n  vanishes  on  the  surface  of  the 
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cone,  we  have  on  letting  the  radius  of  S  become  infinite  and  5  approach  zero, 
(7.8)         f '  -  f  -  lim    /   1^  ds  . 

Thus  f '  =  f  is  a  necessary  and  sufficient  condition  that  flux  is  neither 
emitted  nor  absorbed  by  the  edge  of  the  cone. 


8,  Application  of  the  Rayleigh  Static  Method 

In  this  section  we  employ  the  Hayleigh  procedure  to  obtain  the  far  field 
outside  (&  <  ®'  ^  '^^  'the  cone  which  arises  from  a  given  exciting  field  of 
sound  waves  inside  (0  <  ©  <  ©  )  the  cone.  The  main  feature  of  the  method 
consists  in  recognizing  that  the  field  in  the  neighborhood  of  the  aperture 
is  essentially  the  same  as  that  of  the  potential-flow  problem  treated  in 
the  previous  sections  when  the  wave-length  is  small  in  comparison  to  the 
dimensions  of  the  aperture.  It  will  be  seen  that  under  these  circumstances, 
only  the  lowest  exciting  mode  contributes  to  the  far  field  outside  the  cone 
and  that  the  far  field  depends  only  on  a  gross  characteristic  of  the  static 
field,  namely  the  conductivity  of  the  aperture.  The  account  of  Rayleighs' 
procedure  which  follows  will  be  purely  formal  in  nature;  we  make  no  claims 
to  rigor. 

Let  U  be  an  axially  symmetric  velocity  potential  which  has  a  vanishing 
normal  derivative  on  the  cone  and  which  satisfies  the  time-independent  wave 
equation 


(8,1) 


\If  P%^]  *4-&  E-^%^J  *  A.o, 


"7 
r 


I   p  t   P 

k  being  the  wave  number.  Let  U   [U  J  denote  U  in  the  conical  region  T   JT  ^ 
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defined  byO<©<ft^    [^o-®-'^'   ^  addition  let  G^(r,r ';    [G^(r,r 'f]  be 
the  Green's  function  for  T      \T    ^  that  has  a  vanishing  normal  derivative  on 
the  cone  and  satisfies  the  radiation  condition  at  infinity,  and  finally  let 
C,    be  tl«  surface  of  the  cojnical  cup  defined  byO«©,0<r<b.     IfU 
arises  from  excitation  inside  the  cone  of  the  form 

n=l  ^^^n  ^n 

1     2 
then  U  and  U  can  be  represented  as  follows: 

(8.2)  U"  -  2  ^^  g,  V^J(2^.i)/2(kr)P,^(cos©)-/G;^(r,7';  |^(7')ds(r) 


^b 


(8.2.)  U^..  y  g2(F,f')4^  cIs(F'). 
^b 

The  terms  Vv^E^  J(2^  +l)/2^^^^pL  ^^^^^  /^V^k?  h||^  +i)/2(^)  ^^  (c°s©), 

n  »  1,***,N,  involving  the  Bessel  and  Hankel  functions  of  order  (2n  +l)/2 

and  the  Legendre  functions  of  degree  |j,     are  product  solutions  of  Eq.   (6.1) 

obtained  by  means  of  the  usual  separation  of  variable  procedure.     The  quan- 

dP  (cos©) 


titles  |x  ,   are  the  roots  of  the  equation    — — 


1  2 

e^=0.   g^and^ 
o 

are  the  derivatives  of  U^  and  U*^  in  the  direction  of  the  vinit  normal  v  to  the 


.^,    ^^         ^,.^ „    «.    „..„    V.^>.».^-W  gQ 


^  -.  ..2 


surface  of  C,  j  it  is  assumed  that  v  points  into  T  .  In  the  following  we  shauQ 
assume  that  the  e     are  constants  independent  of  k,  that  g,  ^  0  and  |i.,»  n  (©  )"0, 


•it- 


Note  that  P  (cos©)  =  1  ;  hence 


dPQ(cos©) 

—m —  -°  • 
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The  term  involving  the  summation  in  the  right  hand  side  of  Eq.  (8.2^ 
may  be  written  in  the  following  form: 

n=l         ^  ^n   '      "^n       n«>l   ^  "^n   '      "^n 

+iMt 

Assuming  the  harmonic  time  dependence  e     then  in  virtue  of  the  asymptotic  be- 
havior of  the  Hankel  functions  we  may  interpret  the  first  sum  as  an  incident  field 
and  the  second  sum  as  that  reflected  field  which  wouild  be  present  were  there  no 
aperture  in  the  cone.  The  remaining  term  in  (8,2)  represents  outgoing  waves  in 
T  contributed  by  the  aperture  to  the  total  field.  In  T   [see  E4.  (8.2»)3*  *he 
aperture  contribution  is  the  sole  contribution  to  the  field.  It  should  be  added 
that  N  may  be  infinite  provided  the  g  are  such  that  the  infinite  sum  has  the  pro- 
per convergence  properties.  In  particular,  in  the  case  where  the  cone  reduces  to 
a  plane  screen  with  a  circulau?  aperture,  the  sum  term  in  Eq,  (8,2)  may  be  regairded 

as  the  eigenfunction  expansion  of  the  plane  incident  and  reflected  waves  appearing 

.  .,       ikx    -Ikx 
in  the  sun  e    -«■  e    • 

2 
We  now  turn  to  the  problem  of  obtaining  the  far  field  in  the  region  T 

under  the  assumption  that  the  wavelength  is  large  compared  to  the  dimensions  of 

2 I 

the  conical  cup  C,  .    Under  these  circumstances  the  Green's  function  G.  (r,r  )  app^ar- 

ing  in  Eq,   (8,2')  f'educes  to'  

*Employing  the  standard  method  for  obtaining  Green's  fxinctions  in  coordinate  systems 

which  allow  separation  of  variables,  we  have 

pl'"l(-cos»)e^^^^'^ 
,2. ik^        ^  ^^n 


G^(r,&,9i;r',e«,5f').  -  |J  E        E 


n"-oo  m=-oo 


f     .H,, 


cos©)     sin©d& 


'J^ill.l)M^'^yf^     '^(2u*l)/2(^^       1 


^    '^(2^.^.l)/2(^'>>/^    ^'vl)/^^'"^ 

where  the  upper  line  is  employed  when  r  <  r'   and  the  lower  line  when  r  >  r'. 

(continued  on  bottom  of  next  page) 
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(8.3)  G^(r,©,^jr',6«,9f')   A^  +  i ^"T-  >     ^o-  ->oo. 

2Tt(l  +  cos©  ) 
o' 

The  far  field  in  region  T^  is  therefore 

2 

Thus  the  problem  of  finding  the  far  field  of  U  (r)  is  reduced  to  the 

problem  of  finding  the  integral  over  the  surface  C,  of  the  velocity  component 

of  the  fluid  normal  to  it.  Now  since  U  is  by  hypothesis  a  solution  to  the  prob- 

X     2 

1      p        iiT    ATT      fl[I 

lem,  U  -  U  »  U  and  ■^—  ■  -^ —  =  -5 —  on  C,  .  These  relations  yield,  in  virtue 

ov        ov         ov  b  ^  1 

of  Eqs.   (8,2)   and  (8.2')  the  following  integral  equation: 
00  . 


where  both  r  and  r     are  on  C,  .     When  the  wavelength  is  large  compared  to  the  di- 
mensions of  C,    this  integral  equation  reduces,  in  virtue  of  the  small-argument 
behavior  of  Bessel  fimctions^to 

(8.6)         0-2g^-    J    [S1(?,f')  +G^(F,?')]  MLids(7'), 

^b 

where  G  (r,r  )  and  G  (r,r  )  are  the  static  Green's  functions  inside  and  outside 
o  '        o  ' 

the  cone,  respectively. 


(continued  from  previous  page)  dP°*  (-cos©) 

The  P^  (-cos©)  are  the  associated  Legendre  functions  which  satisfy  ^^— tt^ «  0 

V-  d© 

n 

when  ©  =  ©  ,  Eq.  (8.3)  is  obtained  from  the  lower  line  by  making  use  of  the  well- 
known  behavior  of  Bessel  functions  for  small  arguments  and  Hankel  functions  for 
large  arguments. 


»  „ 

2  2 ' 

G  is  obtained  formally  from  the  expression  for  G.  (r,r  )  given  in  the  previous 

footnote  by  employing  the  small  argument  formulas  for  the  Hankel  and  Bessel  functions 

involved  there,  G  (r,r  )  is  obtained  from  the  corresponding  expression  for 

1  —  —  •         "^ 
G  (r,r  )  in  a  similar  manner. 
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As  we  have  mentioned  above,  the  main  feature  of  the  Kay lei gh  procedure 
consists  in  recognizing  that  the  integral  equation  (8,6)   is  the  same  as  that 
which  would  be  obtained  from  the  problem  we  have  treated  in  Section  1  to  6,     That 
this  is  indeed  the  case  can  be  shown  as  follows:     Let  U   satisfy  Laplace's  equation 
(2.3)  and  the  conditions  of  Eq,   (2,lj),   and  as  r ->oo  let  U  approach  the  constant  po- 
tentials Up  and  IT  ^  IT  in  the  regions  T     and  T     respectively.     It  is  easily  seen 
that  if  we  now  employ  the  static  Green's  functions  G  (?,?')  and  G"''(r,r ')  mentioned 
above  and  proceed  by  the  method  given  in  this  section  we  are  led  to  the  integral 
equation 


(6.7)    0  -  uj  -  ,^  .  J   g(F.?')  .  o^(F.F'7]  MLl  d3{?',. 


—   — '  au 

where  both  r  and  r  are  on  C^.  Thus  ~  in  Eq.  (8.6)  may  be  interpreted  as  the 
velocity  normal  to  C^  of  an  incompressible  fluid  undergoing  steady  irrotational 
flow,  provided  we  set 


(8.8)  2g^  =  uj  -  U^  . 


We  shall  ultimately  compare  our  results  with  those  of  Rayleigh,  as 
presented  by  Lamb  in  [5], p.  5l8,  for  the  special  case  >rfien  the  cone  becomes  a 
plane  screen.  It  is  therefore  necessary  to  note  at  this  point  that  Lamb  employs 
-  Vt  for  the  velocity  of  the  fluid  whereas,  in  the  preceding  sections,  we 
have  employed  V 'J  ^^^^  this  quantity.  It  is,  however,  easily  verified,  on  sub- 
stituting -f  for  f ,  that  the  resulting  U  is  a  solution  of  the  potential  problem 
arising  from  incoming  flux  at  infinity  in  the  region  T   (cf.  Eqs.  (2.1id)  and 

(2.5)]],  -  VV  being  the  velocity  of  the  fluid.  In  this  case  if  we  define  the 

1    2 
conductivity  (3^(6  )  as  f/(U  -  U  )  it  can  be  shown,  employing  the  reasoning  of 

Section  5.3,  that  IT  >  U  ,  i.e.,  that  the  fluid  flows  from  the  higher  to  the 
'      o    o' 

lower  potential,  that  Cr"(&  )  is  a  positive  quantity  and  that  the  expression 
for  Cr(©  )  is  identical  with  the  one  we  have  given  in  Section  5.3  Eq.  (5.31). 
In  the  following  we  shall  employ  Lamb's  convention  with  regard  to  the  velocity 
potential  and  furthermore  assume  that  g^  >  0, 
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2 

Now  since  the  flux  passing  into  region  T     through  C,    is  the  same  as 

the  incoming  flux  f  at  infinity  in  T     we  have  for  a  fluid  of  unit  density 
(8.9)  fv/    ^    ds(?') 


dv 


where,  it  should  be  recalled,  -rrj-  is  the  derivative  in  the  direction  of  *^  unit 
normal,   v,  to  C,    vrtiich  points  into  T   .     From  the  definition  of  the  conductivity 
0~'(Q   )  given  above  and  from  Eqs,   (8.3)  we  therefore  have 

(8.10)  f  -  2g^  ^(©q), 

where  an  explicit  e:q)ression  for  0"(e  )  is  given  in  Eq,  (5.31).     Thus,  as  r 

2 

approaches  infinity  in  T  ,  we  have  from  Eq.   (8.U) 

(8.11)  If  ^   -4 ^^ • 

(1+cosd  )         r 

In  the  case  where  the  cone  reduces  to  a  plane  screen  with  a  circular  aperture 
we  have,  on  setting  ©  «  n/2  in  Eq.  (8,10), 

(8.12)  g^  -  1,   (r(n/2)  -  2b 

[see  Eq.   (5.33)   and  the  corresponding  footnote]].     Hence  it  follows  that 

^ilcr 

(8.13)  U^/o  ^    —: —  ,  x<0. 

In  region  T     it  can  be  shown  using  Eqs.   (8.2)   and  (8.2')  that 

/  Q  -.  1  \  ttI    i     iJoc         -ikx       2b     e 

(8.1U)  IT  -^  e        +  e  -  -r-    — = — ,  x  >  0. 

n  r 

These  results  agree  with  those  of  Rayleigh.    See  [5], p.  5l8,Eqs.  (10),  (17), 
(18)  and  (20)  |. 
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Appendix  I 


The  Asymptotic  Behavior  of    \T(.v,Q  )  In  the  Region  |arg(v  +  -j)  I   <  ^ 

We  shall  prove  the  following:     As  |v|  — »  oo  in  the  region  |arg(v  ♦  -x)  |  <  n. 


(I-l) 


where 


(1-2) 


Tr(v,0^)^      7v^  L(e^)exp      ^  (m^)  *  T(^) 

r(^4)  L     V 

T(z)  -  n'(z)/r'(z) 


L(e^)  -  fl-  < 
p-i 


o     p    o 


-it 


<s^ 


M(9  )  -     I  I         (    -^    -    0  .V  (I  )/n 
°  p-1      VP-'g  op'o' 


To  pix3ve  this  statement  we  compare  the  grOTfth  of    I  I  (v,©  )  with  that  of 
the  function 

00 


(1-3) 


0  V  ^^ 

Q(^)  -  TT 

p-1 


9.  V 
o 


1  + 


TT^) 


exp 


I 


Y/<p-*> 


Ij 


This  function,  in  turn,  can  be  related  to  the  gamma  function  by  the  formula 


(I-Ii) 

Clearly 

(1-5) 


Ha^-l)      ^zT(a+l)      °^ 
n(z+a+l)  p-1 


.  e -  TTl       1* 


^)   exp(-z/p+a)}  . 


Q(v)  »  S— ^   exp(vT(i))   , 

r(v  -  J)      ^ 
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from  which  it  follows  that 


that  p 

(1-6)        TRv,©  )/Q(4-)     - 


i^iJC'S^p-^) 


exp/- 


F^ 


L  \    o      /     \  o 
Calling  the  left-hand  side  of  (1-6)  R(v)  and  taking  the  logarithm  of  both  sides 
we  get 


(1-7) 


log  R(v) 


^^M 


00 


>*  n 


Fiig  (P-|) 


since  each  infinite  series  in  (1-7)  converges  separately  for  all  V  as  a  consequence  of 
the  arithmetic  growth  of  the  roots  v  (O  )  [see  Eq.  (3.12a)  or  Eq,  (I-llQ,  It  follows 


that 


(1-8) 


00 


1  + 


R(v)    -   TT  < 
p-1 


p  ° 


1  +  — 1-— . 

.  ftp -I' 


>    •  exp 


-2  V  M(©  ) 
n  o 


where  M(©  )  is  defined  in  Eq,  (1-2), 

We  need  only  show  now  that  the  first  factor  of  the  right-hand  side  of 
Eq.  (1-8)  approaches  the  constant  L(©  )  as  |v|  — »•  oo  in  the  region  |v  +  ^|  <  n  • 
Let  us  denote  this  factor  by  N(v)  and  make  the  substitution 

(1-9)  ...  1  -  1 

Thus  we  have 

(I-IO) 


v.| 


S(P-|) 


(2ti)v  (0_)  +  (2  -  ji) 
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Now  for  large  p  we  have  from  Eq,   (3.12a) 

C(9j 
(I-ll)  Vj9j  ^  ^  (p  -  ^ 


vjej-^  (P-^)  + — ^     . 


P      0 


d 


It  is  then  an  easy  matter  to  prove  the  convergence  of  the  infinite  product 


(1-12) 


«v  ■l\%^ 


Furthermore,  calling  the  infinite  product  of  the  last  two  factors  in  Eq«   (I-IO) 
S(n),  we  can  prove  that  S(m.)   converges  uniformly  for  all  \i  in  the  neighborhood  of 
H  «  0  and   |arg  |ij  5  Tt  +  e.     Let  us  rewrite  S(ij.)  in  the  following  form 


(1-13) 


00 


s(ti)  -  TT  { 
p=i 


1  + 


2,[.f  (p.^).V^(QJ 
2MV  -  ^)  f  +  (2  -  n)      [ 


Now  define  f  (n)  by  the  equation 


(I-U) 


4p(  V   -  f  ^P  -  E 


P  2^(p  -  f )  f  +  (2-lx) 


P     ■  1,2, •••     • 


Then  S(|j.)  converges  uniformly  in  the  neighborhood  of  n  »  0  and  |arg  n|  <  r  +  c  i^  ^^ 
only  if  the  series 

(1-15)  r   If  (ti)i 

p-i    p 

converges  uniformly  for  |ji  in  this  region. 

Now  for  large  p  we  have  as  a  consequence  of  Eq.   (I-ll) 


(1-16) 


|fp(.) 


p'Nc(»^)| 


lPp-^)(n/V-2"VMl 
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We  shall  call  the  denominator  of  the  last  expression  Dj  it  is  the  distance  of  the 

-1  "^1 

point  z  -  n   from  the  point  z  -  -(p  -  .g)(n/0^)  ^  (i).  Let  e  be  any  positive 

nximber,  arbitrarily  small,  and  suppose 

(1-17)  •  "  +  B  <  arg  |ji  <  It  -  e  . 

Clearly  the  minimvmi  value  of  D  is     (P  -  r)  ^ ("1)  sin  e.     It  follows  that  for 

sufficiently  large  p 


(1-18)  |fp(n) 


c(e.) 


o 

— n  +  e  <  arg  p.  <  it  -  e 


p[(p-^)^-  (|)]sin6   ' 


As  a  result  the  infinite  product  expansion  of  S(|x)  given  in  Eq«  (1-13)  converges 

in  the  neighborhood  of  n  ■  0  for  -n  +  e  <  arg  |x  <  n  -  e.  Consequently,  as  ji  approaches 

zero  in  this  region 

(1-19)  lim   S(ti)  »  1  . 

It  follows  from  Eqs.  (I-IO)  and  (1-12)  that  Ujii  N(m."-'--  2"''')  -  L(0  ), 
-n  +  e  <  arg  n  <  n  -  e,  and  thus  we  have;,  employing  Eq,  (1-9 )> 

(1-20)  lim   N(v)  "  L(e  ),       -n  +  »  <  arg(v  +  J)  <  n  -  e  . 

V  ->  00  "" 

From  Eq,   (1-6)  we  have  therefore 

(1-21)  TT(V,»^)  ->  Q(-^  V)L(O^)  exp[-;£  V  M(&^)J 

as  |v|  — *•  00  in  the  region  -  n  +  e  <  arg(v  +  -s)  <  n  -  e  .  Einploying  Eq,  (1-5)  we 
find  that  the  right-hand  side  of  Eq.  (1-21)  reduces  to  the  right-hand  side  of  Eq, 
(I-l),  The  validity  of  the  latter  equation  in  the  indicated  region  has  therefore 
been  demonstrated. 
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Appendix  II 

On  the  Convergence  of  the  Integral  Representations  for  the  Velocity  Potential 
and  its  Various  Derivatives. 

The  object  of  this  appendix  is  to  verify  the  statements  (a)  through  (g), 
pp.  (22)  to  (26)  and  to  obtain  the  asymptotic  expressions  required  in  Sec,  6,  To 
this  end  we  shall  first  discuss  certain  asymptotic  expressions  which  will  recur 
frequently  in  our  subsequent  calculations. 

We  shall  assume  throughout  the  following  that  the  p  -  arga  and  that  the 
polar  form  of  a  is 

(II-l)  a  =  |a|  e^P         -n  <  P  <  «  • 

Now  from  [2]  p.  71 

(II-2)      I^.,  (cos  9)  .  (a  -  1)^  y„t,A)sina  -=[<"  -l^'l*  ^^^'^'^l 

for  real  values  of  ii  and  for  |a-l|  »  1>  k"!  I  »  ll^l  and  arg|a-l|  <  n, 

je  <  ©  <  n  -  e,  e  >  0,  |a  -  l|  »  i  .    The  a  plane  is  cut  from  a«-ootoa-+l 

and  the  square  root  in  Eq.  (II-2)  is  taken  positive  whenever  a/n(o  -  l)sin  ©^  is 

positive. 

Now  for  a  not  real,   that  is  for  p  /  0  or  n 

(II-3)  cos   [(e  -  i)  e  -  5  *  If]  ^  2  -^exp  |-i6[(a  .  i)  0  -  f  *  f]j 

where  <r  is  the  sign  of  sin  p,  i.e., 

(II-U)  C^  "  sgn  (sin  p)  0<p<n,-Tt<p<0 

From  Eq.    (II-2)  we  therefore  have: 
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(II-5)  ^a-l^^^^^  ^^'^ 


y'2na  sin  G 


exp 


|-*-[(c-i)..J.^]j    , 


-n<p<0,  0<p<n 


and  from  the  relations 

(II-6) 


dP    t(cos  e) 
a-1 


(II-7) 


de 


dP"\(cos  0) 
g-l 

dO 


-(a) (a  -  l)P^];^(cos  0),  [[2],  p.63] 

P^_^(cos  e)  -  cos  e  P^^^(cos  0),       [[2],  p. 62]  , 


it  follows  that 
(II-8) 

(II-9) 


dP    t(cos  e) 
g-l 

de 


rJ 


-°  exp  f-icrrQCa  -  |)   -  ^l] 

V2n  sin  e  a'  L        L  ^         UJJ 


d  P    ,(cos  e) 

de ^  -==r    ^  < 


-i<r[e(a-|)-^] 


,/2n  sin  0  a' 

where  p  is  in  the  ranges  0  <  p  <  n,  -n  <  p  <  0. 

In  addition  to  the  above  asymptotic  expressions  the  following  fornitilas  will 
be  usef\il  below: 
From  Eq.  (3.28)  we  get 

(11-10)         K^Ca  -  |,e^)  ^  k''(e,X^)a^/^  =  k"'(0,^^)yprr  exp[ip/2],  -n  <  p  <  n  . 
In  addition  we  have 


(11-11) 


sin  Tia   A^  -  •wT-    exp(-i  CT  tic) 


p  ^  0,       p  ^  n 


r        "  exp(-a  log  r)    . 


*  dP    ^(cosO) 

Note  that        "^^ is  of  exponential  order  tinity  in  a* 


dO 
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Now  let  g  be  the  integrand  of  Eq.  (U.26').  Clearly 
(11-12)  g^  -  ^=i ^   . 

2   2    2   2 

Similarly,  let  gT,  g^  ,  g^,  g^^,  be  the  integrands  obtained  from  Eq.  (U.26')  by 

a  S  3         S 

differentiating  with  -^  >  — ^,  ^,  — rj  ,  respectively,  under  the  integral  sign, 

'^^       3r       "^^     8© 

Furthermore,  let  us  set 


(11-13)       E(p)  =   /^-^    exp  Act   [(©-6^)(a  -•!)]>>  p  ,«  0,  p  ,<  n     . 


Employing  Eqs.   (II-5)  to  ( 11-12)  and  the  fact  that 

cP     .(-cos©)  dP     .(cosX) 

a-i  a-1  '^ 

dO  d^ 


X  =  Ti  -  e, 


the  asymptotic  behavior  of  the  g's  for  p  ^  C  and  p  /  n  is  found  to  be  the  following: 

,                   (rk'*'(©  ,  i-  ) 
a)  g2(r,©)   ^  2 ^     r-"  E(p) 


la 


V^ 


5  (rk*(e^,  X^)      _^  ^ 

b)  4(^,6)-' 2__L.     r-^-lE(p) 

^  i  v/a 

(II-IU)  2  G-k*(e, /)v^ 

c)  gjr^r,©)-^ ^5—2 r-°-^E(p) 


k*(©   , /   ) 

d)  g^(r,©)  ^    2l_2_     r"''  E(p) 

,  (rk*(©^,/^)  VS 

e)  4(r,e)-  2l£^JL    r-^E(p), 


2 
*  We  confine  our  considerations  to  the  integral  represetitation  of  U  (r,©)  which  in- 
volves ©  in  the  range,  ©  <  0  <  n.  The  corresponding  result  for  U  involving  6 
in  the  range  0  <  ©  <  ©^  can  be  obtained  in  a  similar  manner. 
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where  p  is  in  the  range  0<p<n,  -n<p<0.    When  p  -  0,  it  follows  from  Eqs. 
(Il-l)  and  (II-6)  that  E(p)  above  must  be  replaced  by  a  quotient  of  trigonometric 
functions.     It  is  furthermore  clear  that  this  quotient  remains  bounded  for  a  suit- 
able choice  of  {Qq  /  where    \a^\     approaches  infinity  through  positive  real  values 
of  a  as  n  approaches  infinity.     Since 

(11-15)  P„  ,(cos  ©)  -  P     (cos  &) 

u— J.  —a 

a  similar  statement  is  valid  when  p  ■»  n.     When  evaluating  the  various  represen- 
tations by  residues  we  may  therefore  employ  a  sequence  of  contours  through  the 
|o"|      [cf.  b)  p.   22  and  f)  p.  26], 

The  following  facts  are  now  apparent  from  an  inspection  of  Eq,  (II-IU); 
First,   g(r,&)   ■  OJ|a|~   '  exp  -(ft-©   )  |a|    I  when  a  is  purely  imaginary,  that  is  when 

a  is  on  the  contour  C      [see  Fig.  3].     Secondly,  for  any  ft,  0     <  ©  <  n  it  is  easily 
verified  that    |r      |   -  e~'    '         '^       ^      is  exponentially  damped  as   \a\  — >oo  when 
r  >  1  and  p  is  in  the  range  p  ^  P  ^  ~  2 *  °^  *^®"  r  <  1  and  p  is  in  the  range 
^  <  P  <  -j^.     Finally,  >rtien  ft  -  ft     ■  ^  0  is  greater  than  zero  g  and  all  its  deri- 
vatives are  exponentially  damped  as   \a\  becomes  large  in  the  angular  regions 
-n<P<0,  0<p<Ti. 

Employing  these  results  it  is  a  simple  matter  to  verify  the  statements  (a) 

through  (f)  on  pp.  22  through  26  .     To  prove  the  statement  (g),  let  us  consider  the 

2^1                       2  2 
difference,  £\,  of  say  - — j\         and    ^1  .     From  Eq.   (U.21)   and  statement  (d) 


3ft   I ©je  36   I ©I© 

we  have  for  r  <  1 


(11.16)      ^    -    ^    / 


'P^,.^(C03%^)P;;^.^(C08   0^)    .   P;^^(C0S    0^)P^(C03X^) 

o  W(a  -  |,  ©^)ir(a  -  <|,  0^,) 


da. 


But  from  Legendre's  differential  equations,  namely 

_ , . , . 

P,-        .,_(cos6  )P/_        ..-(-COS©  )    ^ 
Note  that  k'*"(v)K"(v)-  '^^l^y,  ^°j^^^'-^V^ EL  |cf.  Eqs.   (3.18)   and   {3,19)\ 

1  2 

and  V  *  a  ^  Tt  snd  hence  g     may  also  be  written  as  follows; 

2        0«>«  ft^)P(-C08  0^)   ^-o 

g      m  II  <  •  > 

a  W(o  -  i,  0^) 
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d^P,  ,(cos  &)  d?„  .(cos  0) 

2=i-5 -  ctn  0      °"i, +  a(a  -  l)P,  .(cos  O) 

(11-17) 

d?P(cosX)  dp      (cos  X) 

2 =  ctnX  QiC *    "^"^  "  l)Pi.i(cosX),  'X-  n  -  e, 

bX 

and  from  the  fact  that 

d?,  ,(cos%)              dP^  ^(-cos  0)  , 

(11.18)  ..2=^ 2:^-5 P^^^(.cos  C), 


we  have 

r    ^  ^«_-,^      R_n(«>s'X.JP„_n(«>s&J  -  p;^^tCcosOJP_,(cosXJ 

da 


A  -    N       /     ^-a  (tt  -  1) 

n/k 


T  ^ 
o' 


W(a  -  -f,  0„) 


(11-19) 

K""(a  -  i,  ft  ) 


N       /       -a  (g  -  1)  ,  T  ^      ^  A 

ra/   ''  -^r — r*rT  ^^ '        i>r>o. 


since  the  expression  involving  the  Legendre  functions  is  by  definition  the  Wronskian 

W(a  -  i,  0  ) .     Now,  since  the  integrand  is  regxaar  in  the  left  half -plane  we  have,  on 
2       o 

evaluating  by  residues, 

(n-2D)  A  «  °  •  : 

The  continiiity  of  the  remaining  derivatives  mentioned  in  (g)  across  ©  ■  ^^ 
and  0  <  r  <  1  either  follow  automatically  or  can  be  obtained  by  employing  a  procedure 
similar  to  the  one  just  employed;  the  statement  (g)  is  therefore  verified. 

Before  closing  this  discussion  we  shall  prove  the  following  relation: 

(11-21)  k*(ft^,%^)  -  i/v^ 


-63- 


(11-22) 


From  Eqs.  (3. 18),  (3.i9)  and  (3.i4)  we  have,  on  setting  v  =  a  -  «■  , 

V.   sinO  P  .(cos»  )P   .(-COS&  ) 
o  a-i^    0'  a-i^     o' 


K'(a  -  i)K*(|  -  a) 


2   sin  na 


Jjetting   |a]  become  large  and  employing  Eqs.   (II-U)  and  (II-IO)  we  get 

Now 
(11-23) 


-a 


2         • 


AS  a  rejult 
(II-2U) 


E-f'-o./o^' 


-  -1/2, 


It  follows  that 

To  determine  which  sign  is  the  proper  one  we  note  that  an  alternative  expression 
for  k*(&  ,/p)  is,  jcf.  Eq.  (3.29)], 


(11-25)       K^Q^,/^)-^ 


sine^p'^(cos©^)p'^(cos/^)(6^X^) 
"2  '2 


1 

^r'(i)L(e^)L(X^), 


1  1 

.2-i2    r-,2,1. 


and  that  the  factor  (2ti)      [sine^(©^  ;j^^)    ~\      p   (^)l-(©o)L(  ?<^o)  is  positive    [cf. 

Eq.   (3.2U)J.     Since   p'   j^(cosft^)P*  ^(cos  ^q)!"'-''^  is  positive  imaginary   [see  Eq.  (3.U3Q 


it  follows  that  ?  2 

(11-26)  ^*(»o'?b^  =  ^/^* 
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Appendix  III 


Proof  of  the  Relation  i^^(©^,)l^j^(^o^  '^^^^  ^^^  " 

The  object  of  this  appendix  is  to  prove  the  relation 

sin  9 

(m-i)  K^^oK^'^o^    '  "T-   • 


From  Eq.   (^.U)  of  the  text  we  have 

rK*(o  -  |,e^) 

(m-2)  K  (&  )     =     lim  <  5 }     *         P  -  0,  1,  2,... 

Setting  V  »  a  -  -,  we  get 

PK^CV,  0  ) 

(III-3) 

K*(v,  e  ) 

IL  (©  )     -    11m  <  Y~  }    »      P  "  1  * 

^    o  V  ->  v^(e^)     1^    V  +  ^ 

where  v^-  -  |,'v^  -  |,  since  a^(ft^)  -  0  and  a^(e^)  -  1.    Thus 


o 
o-  o  7^1/2)       i-v       I  v->l/2l      ^-v 


(ni-U) 


As  a  result 
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''o(«o^(»c' 


lim 

V  -►1/2 


(v.i)(v  +  |) 


(III-5) 


lim 

V  -».l/2 


^  sln^^Pcf  *  V)  r(|  -  v)P;,„,)/,(>cos  ^o)P;2vi)/2(^°s  Q^) 


(|+  v)(|.v) 


the  last  equation  being  a  consequence  of  Eq,   (3, Hi),     Since 

^(2v.l)/2(l  '^^^  "^o^     ■     *  (V  -  |)(v  -H  ¥^jlv.l)Ml  ^°^  *o) 
[cf.Eq.    (3.6)]    and  since 

(|ivj>r(|iv)=.r(|iv) 


we  have 


(in-6) 


K  (e^^C©  )     -     -  i  sin  e^  Pd)  r(2)  P"^(cos  ©  )P"^(-cos  0^) 
oo±o  ^0  O  00  o 


-•i  sin&  P'-'-Ccos  0  )P"-'-(cos  %    )   . 

^  O    O  0      0  o 


Now  from  [2],  p.  63, 


(III-7)  P'-'-Ccos  ©)  »  ctn(d  /2),  P"^(cosX   )  -  ctn(X  /2)  -  tan(©  /2)   , 

o  0000  O 

Consequently, 
(III-8)     K*(&^)K*(e^)  =  -  sin  (ft^/2)  , 

which  is  the  desired  result. 


Note  that  Pj2v-l)/2(-^°^  ^o^  "  "fe  ^(2v-l)/2(-^°^  *^  g"^-  l^i  P(2v-l)/2(=°^^^ 

c 

where  a-  ■  n  -  *  • 


X=n-  0 
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Appendix  IV 

A  Proof  of  the  Validity  of  the  Asymptotic  Formulae  of  Equation  (6.13) 

In  Section  6,1  we  showed  that  the  velocities  U     and  U^,  in  the  r  and 
&  directioi.s  were  represented  as  fcllovjs: 


(lV-1) 


where 


(lV-2) 


a) 


b) 


U 


Ne 


-t 


Ne 


-t 


ioo 

'-iOD 

ioo 


exp(-t^/5)I^(^/6) 


exp(-t^/5)I^(^/5} 


'e  2Tir 


''-iCD 

I   (a)   =     1^ 

^  P      .(cos  Q) 

a-i  o 


I,(a) 


p'  ,[cos(e+Ae^n 

g-l  *—  o o  -' 

aP„    .(cos  0   ) 
a— J.  o 


d^) 


d)^ 


and  where 


a)  *      t  «■  5(cos  T  +  |)  +     0(6^) 


(lV-3) 


b)  Ck©     =  5  sin  Y  +    O  (5   ) 


0  <  Y  1  "  , 


0  <  Y  <   "• 


The  object  of  tlxLs  appendix  is  to  prove  that 


1  ^    ioo  -100 


?  2 

lim     (6  U    )   -  c 

T 

5->0 


^ 


I. 


V^ 


<K 


(IV-U) 


xoo 


-100 


lim     (5  U^)   -  c 

6-^0 


/     exp[-^e-^-a 


«/o       iV^ 


uniformly  in  y»  0  5  Y  <  "*  where  we  have  written 


(lV-5) 


c  -   (Nk"'(&^,  /^o^/^"^- 
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To  illustrate  the  method  of  proof  it  is  sufficient  to  show  how  the  first 
equation  of  (IV-U)  is  derived  from  the  first  equation  of  (lV-1),  The  second 
equation  of  (IV-U)  follows  from  the  second  equation  of  (lV-1)  in  a  similar 
manner. 

From  the  first  equation  of  (lV-1),  after  making  the  change  of  variables 

(IV-6)  ^  -  is, 

1/2 

we  have  for  the  quantity  6  '   U  the  following  expression: 

(lV-7)  6^/2^2  .  -  Ife^      /    exp(-is/sinr/r)    Ljjj^  exp[^(ist/6)*(  |slsinY/r)] 

^-00     Y  ^       \_  ^ 

I^(is/5)jdi8 

where  r  is  expressed  in  terms  of  6  by  means  of  the  following  relation; 

(lV-7')  r  -  yi  +  26COSY  ♦  6  , 

(cf.  Eq.  (6.90  • 

Now  from  Appendix  II,  Eqs,  (11-13)  and  (II-IU),  we  have  for  large  |a| 


>  > 


sin  ©  , 

(lV-8)    ^ya)^irk*(e^,>:^)  --^—^^exph(r^<^^{a-^ 

where 

(lV-9)        a  •  |o|  exp(ip)^  0  <  P  <  2n^ 

and  where 

(IV-10)       CT-   sign(sinp),  0  <  ?  p  n,  n  <  p  <  2Tt, 

Our  first  objective  is  to  prove  that  the  absolute  value  of  the  braced 
term,  say  B(s,5),  in  the  integrand  of  Eq,  (lV-7)  is  bounded  as  |s/5|  approaches 
infinity.  To  this  end  we  substitute  a  -  is/5  in  Eq.  (lV-3)  and  verify  that 
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|B(8,5)|  is  bounded  as    |s/6|   approaches  infinity  provided  the  sane  is  true  of  the 
expression    exp  -  -1^  (A  ©     -  ■ — ^^)    .     Now  ^©     ■  w/r  where  w  is  the  arc  length 
subtended  by  /^  6     on  the  circle  r  «  const.     From  Fig.  5  it  is  clear   that  Ssiny  is 
one  half  the  length  of  the  chord  joining  the  two  points  of  intersection  of  the 
circle  determined  by  r  »  const  and  5  -  const.     Clearly  then  ^  ©  -(6sinY/r)  >  0, 
the  minimum  of  this  function  occuring  at  y  "  C)   or  y  ■  "•     It  follows  that 


lira 
|s/6|->oo 


|B(8,6)  |<  max  Jexpjl  lfi(A  V  ^)]|    <  1. 


In  addition  since  j/a  l(ft)  is  regular  for  all  non-real  ol  it  is  a  priort  continuous 
on  the  imaginary  o-axis.     It  follows  that    |  yis/6  exp(  |8  |6inY)l(is/6)  |   is  imiform- 
ly  bounded  for  all  s,  the  bound,  which  we  denote  by  M,  not  depending  on  5,  but 
perhaps  on  y*     For  any  e,  >  0  sufficiently  small  and  for  any  y  such  that  *i  <  Y  < 
n-6^   it  is  clear,  therefore,  that  the  integral  in  (IV -7)  is  absolutely  convergent 
for  all  6  >  0,  the  absolute  value  of  the  integrand  being  dominated  by  the  inte- 
grable  function  (Mexp(-s  siny)  /  /s).     Employing  the  dominated  convergence  theorem 


we  have  for  6-,  <  Y  <  ^''^i 

1 


(IV-II)     liin   (6V;=  -^  exp(-iscosy-|s|sinY)   -^^ 

r  2ni   /  «—  ■^-"' 

6^0  J_^  yTs  6-^>0 


os/e  exp( |s|sinyI^(is/6) jd(is) 


„]. 


Nk"*"(©    /   ) 


00 

o  '  o 


(2ni^) 


^     0 


expC-iscosy-ssiny)    ,/.    , 
/is 


/         exp(-iscosY4-s  siny)    ,/■    \ 
''00  >/is 

where  the  first  equation  follows  from  (lV-3a)  and  the  second  from  (lV-3b)  and 
(lV-8)  -  (lV-10),  Setting  s  »  J^/i  we  find,  using  Eq.  (lV-5),  that  (iV-li)  is 
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satisfied  for  6,  <  Yi  "^  n-e,  .     To  extend  the  result  to  the  entire  internal 
0  <  Y  <  n  it  is  first  necessary  to  deform  the  integrals  in  (lV-1)  to  the  con- 
tours C*  ..    Mhen  0  <  Y  <  n/2  and  to  C"  ^  iriien  n/2  <  y  <  «•    Enploying  a  pro- 
cedure similar,  except  for  minor  modifications,  to  the  one  employed  above  we 
have 


(iV-l'^a)     iim     (6  ir)» 
6^0  ^ 


p~  op  exp(iTi/U)  00  exp(i7Tt/U) 


uniformly  for  all  y»  0  <  y  <  (n/2)-e2  ^^^^  «2  ^  °'  and  in  addition  we  find 
that 


(lV-i2b)     iim  1,0  u  ;-  c 


(6^U^)' 


00  exp(i3n/J4) 


00  exp(i5n/ii) 


iY-T 


\iniformly  for  all  y,  ti  <  y  <  tt/2  +  e  ,   e     >  0  ,     By  deforming  the  paths  of  inte- 
gration of  the  first  integrals  in  (IV-12a)  and  (lV-12b)   into  the  positive  imaginary 

axis  and  the  paths  of  the  second  integrals  into  the  negative  imaginary  axis  we 

i/2  2 

obtain  expressions  for  lim(6       U  )  which  are  identical  with  that  given  in  (IV-U). 

1/2 
It  follows  that  5  '   U     converges  to  the  expression  given  in  the  right-hand  side 

of  the  first  equation  of  (IV-UJ  for  0  <  y  <  n  and  the  convergence  is  uniform  for 

y  in  this  range. 
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